
 

82 
 

 

 

 

 
 
 

A sharp Trudinger-Moser Type Inequality for Unbounded 

Domains and Higher Order Derivatives 

Mahgoub Elawad Mohammed Ahmed 

 

Department of Mathematics, Faculty of Teachers, Nile Valley University, Atbara, Sudan 
Corresponding Author: 0111455657 

 

Abstract 

The Trudinger- Moser inequality states that for functions ( ),,  n

oHu 1
 of  bounded domain   

with 1 dxu  one has −
−

+→
cdxe

B

u

k

n

n

k )(lim 1
1

1
 , with  c   independent of  u . It is shown 

that for  2=n   the  bound  c   may  be replaced by a uniform constant d  independent of   if 

the Drichlet norm is replaced by the Sobolev norm.In this paper the results for 2n  have been 

showed with a lower bound and gradient estimate. 

Keywords: Truding-Moser inequality, blow-up analysis, best constant, unbounded domain, 
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 متباينة ترودنقر ـ موزار الحادة للمجالات غير المحدودة وللمشتقات عالية المستوى 

 محجوب العوض محمد أحمد

 

 عطبرة، السودان، ، جامعة وادي النيلالمعلمينلية قسم الرياضيات، ك

 المؤلف: 

ص
َ
ـلـ

ْ
خ

َ
 مُـسْــت

)وُجد ان متباينة ترودنقر ـ موزار تقرر انه لكل الدوال   ),,  n

oHu 1

1)وهو مجال محدود( مع التكامل  Ωوالتي مجالها   dxu
لها      

النهاية  
−

−

+→
cdxe

B

u

k

n

n

k )(lim 1
1

1

أن الحد n=2. وهذا واضح عند  uمستقل عن cعندما يكون   
c

يمكن استبداله بالثابت   

مع الحد الأقل وتقديرات  n >2عُرضت في هذه الورقة نتائج من أجل ..عند استبدال نظيم در شلت بنظيم سو بوليف Ωمستقلا عن  dالمنتظم 

الانحدار.
 

 

 .ترودنقر ـ موزار، تحليل الانشطار، أفضل ثابت، المجال غير المحدود، تصنيف المواضيع الرياضيةمتباينة :كلمات مفتاحية
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Introduction  

Let ( ) np

o RH  ,,1
, be the usual Sobolev space. ..ei  the completion of ( )

0C  with the norm 

( )
( )( ) .,

ppp

H
dxuuu p

1

1 
+=  

It is well-known that 

( ) ( ) npifLH pn

pn

p

o  − 11,  

( ) ( ) pnifLH p

o  ,1
 

The case np =  is the limit case of these embeddings and it is known that 

( ) ( ) + qnforLH qp

o

,1
 

When   is a bounded domain, we usually use the Drichlet norm =
D

u  

( )nn
dxu

1

 in place of nH ,1 . In this case we have the famous Trudinger-Moser inequality (see [11], 

[4], [9]) for the limit case np =  which states that 

( )




+=

+
=








−





−

n

nu

u when

when
cdxe

n

n

D

,sup 1
1

1

    (1) 

where 1

1

1
−
−= n

nn , and 1−n  is the measure of unit sphere in 
nR .The Trudinger- Moser result has 

been extended to sphere of higher order and Sobolev spaces over compact fields (see [7], [13]). 

Moreover, for any bounded  , the constant ( ),c  can be attained. For the attainability, we refer 

to[8], [5], [13] and (Li, 2001). 

Another interesting extension of (1) is to construct Trudinger-Moser type inequalities on 

unbounded domains. When 2=n , this has been done in (Ruf, 2005). On the other hand, for 

unbounded domain in 
nR .  

Let  

( ) 
−

=


−=
2

1

n

j

i
t

j

t
et

|
 

The result in (Li and Ruf, 2000) says that 
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Theorem C. For any ( )n ,0  there is a constant ( )C  such that                             

( )
( ) ( )

( )

( )  .\, , 01

1

nn

n

RL

n

RL

R

n

n

RL

RHufor
u

u
Cdx

u

u

nn

nn

n

nn







































−

       (2) 

We shall discuss the critical case n= . More precisely, we prove the following: 

Theorem (1.1) (Adachi and Tanaka, 1999). There exists a constant 1d , such that, for any 

domain 
nR , 

( )
( )

.sup
,

, ,

ddxu n

n

n
uHu nH

n











−




1

1
1

          (3) 

The inequality is sharp: for any n , the supremum is + . 

We set 

( )
.sup

,
, ,

dxuS
n

nRnH

nn R

n

n

n
uRHu

 







= −









1

1
1

 

Further, we will prove: 

Theorem (1.2) (Ruf, 2005). S  is attained. In other words, we can find a function ( )nn RHu ,1 , 

WITH ( )nn RH
u ,1 =1 such that 

.dxuS
nR

n

n

n 







= −1  

The second part of Theorem (1.2) is trivial. Given any fixed n , we take ( ) ,n . By (1) 

we can find a positive sequence  ku  in 

( )  =
1

11

1

0
B

nn dxuBHu :.  , 

such that   

.lim +=
−

+→ 1

1

B

u

k

n

n

ke

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By Lion's Lemma, we get 0→ku . Then by compact embedding theorem, we may assume

( )
0

1

→
BLk pu  for any 1p . Then, ( ) 1→+ dxuu

nR

n

k

n

k , and 

.
,

1

1

1

−

−















 n

n

k

n

n

Hk

k u
u

u

n

  

When k  is sufficiently large. So, we get 

















−

+→  dx
u

u n

n

Hk

k

Rk
n

n
)(lim

,

1

1

.)(lim +=−
−

+→
dxe

B

u

k

n

n

k 1
1

1
 

The first part of Theorem (1.1) and Theorem (1.2) will be proved by blow up analysis. We will use 

the ideas from [14] and (Li, 2005). However, in the unbounded case we do not obtain the strong 

convergence of ku  in ( )nn RL , and so we have more techniques. 

Concretely we will find positive and symmetric functions ( )
kR

n

k BHu ,1  which satisfy 

( ) 1→+ dxuu
kRB

n

k

n

k  

and 

=












 − dxu

kRB

n

n

kk
1

( ) ( )
.sup

,,

dxv
kR

kR
n

kRB

nn B

n

n

k

BHvvv
 












−

=+

1

1 1
0

  

Here, k  is an increasing sequence tending to n , and kR  is an increasing sequence tending to 

+ . 

Further, ku  satisfies the following equation 

( )
k

kk
n
kn

kk

n

k

n
n

uu
uuudiv



 21

1

12
−

=+−
−

−−
, 

where k  is Lagrange multiplier. 

Then, there are two possibilities. If kk uc max=  is bounded from above, then it is easy to see that 

( )
=















−
−














−

−

+→
dx

n

u
u

nR

n

k

n

kn

n

kk
k !
lim

1

1

2



( )

dx
n

u
u

nR

nn

kn

n

k 













−


−














−

−

!1

1

2 , 
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where u  is the weak limit of kk uc max= . It then follows that either dxu
n ٌ

n

n

kk 












 −1  converges to

dxu
nR

n

n

n 












 −1 or  

( )!1

1

−




−

n
S

n

n . 

If kc  is not bounded, the key point of the proof is to show that 

( )( ) ,log 












+−→−

−
−− 11

1

1
1

n

n

nkkk
n
kk cncxruc

n

n
  

locally for a suitably chosen sequence kr ( and with
1

1

1
−

−








=

n
n

n
n

c


), and that 

Guc k
n
k →−1

1

, 

On any  0\nR , where G is some Green function.  

In section (5.2), we will construct a function sequence u such that  

( )1121111 −++++−− 














nAn

R

n

n

n
n

n
e

n
dxu


 

when  is sufficiently small. And also, we construct, for 2n , a function sequence u  such that 

for  sufficiently small 

( )!1

1

1

−


















−

− n
dxu

n

n

R

n

n

nn
. 

Thus, together with Ruff’s result of attainability in [14] for the case 2=n , we will get Theorem 

(1.2). 

Definition (1.3) (Li and Ruf, 2000). To define the maximizing sequence, let  kR  be an increasing 

sequence which diverges to infinity, and  kB  an increasing sequence which converges to n . By 

compactness, we can find positive functions ( )
kR

n BHu ,1  with ( ) 1=+ dxuu
kRB

n

k

n

k  such that 

=












 − dxu

kRB

n

n

kk
1

( ) ( )
.sup

,,

dxv
kR

kR
n

kRB

nn B

n

n

k

BHvvv
 












−

=+

1

1 1
0

  
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Moreover, we may assume =












 − dxu

nR

n

n

kk
1 dxu

kRB

n

n

kk 












 −1 is increasing. 

Lemma (1.4) (Li and Ruf, 2000). Let ku  as above. Then 

( )a ku  is a maximizing sequence for S ; 

( )b ku  may be chosen to be radially symmetric and decreasing. 

Proof. ( )a  Let   be a cut-off function which is 1  on 1B  and 0  on 2BRn \ . Then given any

( )nn RH ,1  with ( ) 1=+ dx
nR

nn
 , we have 

( ) .,: +→→





















+








=  Lasdx

L

x

L

x
L

nR

n

n 1

2

  

Hence, for a fixed L  and LRk 2  

( )














 − dx

LLB

n

n

k
1||






( )
( )














 − dx

LLB

n

n

L
x

k
2

1||



 dxu

kRB

n

n

kk 












 −1 . 

By the Levi Lemma, we then have 

( )














 − dx

LLB

n

n

n
1||




dxu

nR

n

n

kk
k  













 −

+→

1lim . 

Then, letting +→L , we get 














 − dx

nR

n

n

n
1|| dxu

nR

n

n

kk
k  













 −

+→

1lim . 

Hence, we get 

dxu
nR

n

n

kk
k  













 −

+→

1lim
( ) ( )

.sup
,,

dxv
n

kR
n

nR

nn R

n

n

n

BHvvv
 












= −

=+

1

1 1
0

 

( )b  Let 


ku  be the radial rearrangement of ku , then we have 

 




 += 

kRB

n

k

n

k

n

k dxuu:  =




 +

kRB

n

k

n

k dxuu 1. 

It is well-known that 1=k  if and only if ku  is radial. Since 
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( )dxu
kR

n
n

B
kk −


 1 dxu
kRB

n

n

kk 












= −1 , 

we have 

( ) 















−


dx
kR

k

k

B

n

n

u

k
1


 dxu

kRB

n

n

kk 












 −1 , 

And "" =  holds if and only if 1=k . Hence 1=k  and 

( )dxu
kR

n
n

B
kk −


 1
( ) ( )

( ) .sup
,,

dxv
kR

n
n

kR
n

nR

nn B
n

BHvvv


−



=
=+

1

1
01

 

So, we can assume ( )xuu kk = , and ( )ruk  is decreasing 

Assume now uuk = . Then, to prove Theorem (1.1) and Theorem (1.2), we only need to show that 

dxu
nR

n

n

kk
k  













 −

+→

1lim dxu
nR

n

n

kn 












= −1 . 

Definition (1.5) (Li and Ruf, 2000). By the definition of ku , we have the equation 

k

n

n

kk
n
k

n

kk

n

k

uu

uuudiv


 














=+−

−−

−−

11

1

12
 ,               (4) 

where k  is the constant satisfying 

dxuu
kRB

n

n

kk
n

n

kk  












= −− 12  . 

First, we need the following: 

Lemma (1.6) (Li and Ruf, 2000). .inf 0k
k
  

Proof. Assume 0→k . Then 

dxu
nR

n

k 012 →












  −−

k
R

n

n

kk
n

n

k CdxuuC
n

 . 

Since ( )xuk  is decreasing, we have ( ) 1 
LB

n

kL

n

k uBLu , and then   

( )
n

n

k
L

n
Lu


  .                                     (5)   
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set 
n

nL

n


= . Then ( )xuk  for any LBx , and hence, we have, using the form of , that 

dxu
L

n BR

n

n

kkk  












= −

\

1 0→  k
BR

n

k CdxuC
L

n


\
. 

And on LB , since 0→ku  in ( )L

q BL  for any 1q , we have by Lebesgue  

dxu
LB

n

n

kk
k  













 −

+→

1lim  +












  −−

+→
dxuCu

LB

n

n

kk
n

n

k
k

11 lim
( ) 

dxu
xuBx

n

n

kk
kL

 

−
















1

1

:


( )dxC
LB

k
k  +

+→
0lim  = 0 

This is impossible.                                                                                  □ 

Results(1.7) (Shawgy and Mahgoub, 2011): (i) Definition (1.5) and results (2.8) implies that if 

we set xvg =   and ( ) ezz =   then we have 

( ) 1
1

−
− =

n
n

kkn

n
up

kk euB  . 

(ii) Theorem (1.2) shows that 

.
,

1

1

1

−

−















 n

n

k

n

n

Hk

k u
u

u

n

  



 1

1

−

− 
n
n

n
n

ku       or     
1−


n

nku



. 

If ( )nn

k RHuu ,1→ with ( ) 11 =nn RH
u ,   then  1− n

n

 . 

(iii) If kk uMaxc = , where u  is the weak limit of kk uMaxc = , it follows that 

( )
1

11


−
 nu

n
S k ,


. 

We denote ( )0kkk uuc == max . Then we have 

Lemma (1.8) (Li and Ruf, 2000). If +k
k

csup , 

( )i  Theorem (5.1.1) holds; 

( )ii  if S  is not attained, then 
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( )!1

1

−




−

n
S

n

n . 

Proof. If +k
k

csup , then uuk →  in ( )n

c RC1

10 . By (5), we are able to find L ts. ( )xuk  for 

LBx . Then 

(
( )

)dx
n

uB
u

n

k

n

k

BR

n

n

kk
L

n

!\ 1

1

1

−
−














−

−  dxuC
L

n BR

n

k
\

n
n

n

R

n

k

n
n

n

CdxuC
n

−
−

−
−   11

22

 . 

Letting 0→ , we get 

. 

Hence  

dxu
L

n BR

n

n

kk
k  













 −

+→ \
lim 1

( )!1

1

1

−


+













=

−

− n
dxu

n

n

R

n

n

knn
( ) .lim dxuu

nR

nn

k
k  −

+→
     (6) 

When 0=u , we can denote from (6) that 

( )!1

1

−




−

n
S

n

n . 

Now, we assume 0u . Set 

.lim




+→

=

n

n

R

n

R

n

k

k

n

dxu

dxu
  

By the Levi Lemma, we have 1 . 

Let ( )

xuu = . Then, we have 

= dxu
nR

n
 dxu

nR

n
dxu

nR

n

k
k  

+→
lim , 

and                                            

= dxu
nR

n = dxu
nR

nn dxu
nR

n

k
k +→
lim . 

Then 

( ) + dxuu
nR

nn
1=





 ++→

dxuu
nR

n
n

k

n

k
k
lim . 

Hence, we have by (6) 

(
( )

)dx
n

uB
u

n

k

n

k

BR

n

n

kk
L

n



−

−

−
−












 |\ 1

1

1 (
( )

)dx
n

u
u

nn

n

BR

n

n

n
L

n

!\ 1

1

1

−


−












=

−

−
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dxuS
nR

n

n

n 












 −1  

dxu
nR

n

n

n

n

 












= −1  

 ( )
( )

 ( ) ( )
( )

dx
n

udx
n

dxu
n

n
n

nn R

n
n

n

R

n

nn

R

n

n

n  








−


−−+

−


−+













= −

−

−

!! 1
1

1
1 1

1

1   

dxu
L

n BR

n

n

kk
k  













= −

+→ \
lim 1 ( ) ( )

( )
dx

n
u

n

n
n

R

n
n

n


















−


−−+



−

|1
1 1  

= ( ) ( )
( )

dx
n

uS
n

n
n

R

n
n

n

 








−


−−+ −

!1
1 1 . 

Since ( )
( )

0
1

1

1 
−


−

−

− n
n

n
n u

n
u n

n

!
, we have 1= , and then 

( )dxuS
n

n
n

R
n −= 1 . 

So, u  is an extremal function. 

From now on, we assume +→kc . We perform blow up procedure: 

1
1

−
−

=
n

n

kkcn

n

k

kn

k

ec



 . 

By (5) we can find a sufficiently L  such that 1ku  on L

n BR \ . Then 

( )( ) 1−
+

dxLuu
n

B
kk

L

, 

and hence by (1), we have 

( )( )
( )LCe

L

n

n

kkn

B

Luu


−+

− 1

. 

Clearly, for any np   we can find a constant ( )pC , such that 

( ) ( )pCLuupu n

n

kkn
n

n

k +− −+− 11 , 

and then, we get 
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( )pLCCdxe
L

n

n

k

B

pu
,=

−1

. 

Hence  

=
−− 1

2
n

n

k
k c

ke




1

2
−− n

n

k
k c

e



 ( ) + −− dxuu
L

n

n
n

BR
kk

n

n

k
\

11  ( ) dxu
L

n
n

B
kk − 1  

dxuC
L

n BR

n

k
\

+
−− 1

2
n

n

k
k c

e



dxue
L

n

n

k
k

B

n

n

k

u

 −
−

12
1



. 

Since ku  converges in ( )L

q BL  for any 1q , we get 
1

2
−


n

n

k
k c

k Ce



  and hence 

1

2
−−


n

n

k
k c

n

k Cer



. 

Now, we set 

( ) ( ) ( ) ( ),, kk
n
kkkkkk cvC

n

n
xwxruxv −

−
== −1

1

1
  

where  and kw are defined on  1BxrRx k

n

k = : . Using the definition of 
n

kr  and (4) we 

have 

( ) ( ) ( )n

k

n

kkk

n

kn
n

n
k

n
k

k

n

k crOcve

c

v
wwdiv n

n
n
n

k +−=− −−
−

−

−

−
−

11
1

1

1

1

1

1

2  . 

In [9], we know that ( )RCwosc kBR
  for any 0R . Then from the result in (Dibendetto, 1983) (or 

[8]), it follows that 
( )

( )RCw
RBCk ,1 . Therefore kw converges in 

1

0clC and 0→− kk cv  in 
1

0clC . 

Since  

( ) 111 1 −−−− += n

n

c

cvn

n

k
n

n

k k

kkcv ( )( )2

1
1

1 1
kk

kk

cc

cv

n
nn

n

k Oc ++=
−

−
− , 

we get ( ) wcv n
n

n
n

kkk →− −− 11  in 
1

0clC , and so we have 

( ) wnnn
e

n

n
wwdiv

12

1

−−

−


=− ,                           (7) 

with  

( ) ww max== 00 . 

kv



Mahgoub Elawad Mohammed Ahmed /Nile Journal for Sciences and Engineering, Vol. 01, NO. 02 (2024) 82-111 

   94 
 
 

Since w  is radially symmetric and decreasing, it is easy to see that (7) has only one solution. We 

can check that 

( ) ( )11 −+−= n
n

xcnxw nlog ,   and   1= dxe
nR

w , 

where =nc ( ) 1

1
1

−
−

n
n

n

w
. Then, 

+→L
lim =

−


−

+→
dxe

u n

n

kk

kLr

u

B
k

n

n

k

k

1
1




lim 1=+→

dxe
nR

w

L
lim .               (8) 

For 1A , let },min{
A

c

k

A

k
kuu = . We have 

Lemma (1.9) (Li and Ruf, 2000). For any 1A , there holds 

.suplim
A

dxuu
nR

n
A

k

n
A

k
k

1






 +

+→

                      (9) 

Proof. Since  
 

1  
A
kc

k

kk

u

n

k

n

A

c

A

c

k uux : , we can find a sequence 0→k  such that 

k
B

A

c
ux k

k  }:{ . 

Since ku  converges in ( )1BLp
 for any 1p , we have 

+→k
lim

 
 

dxu
A
kc

ku

p
A

k
+→k

lim
 

0= 
dxu

A
kc

ku

p

k . 

and  

+→k
lim ( ) 0=−

+

dxuu
n

k

R

p

kA

c

k  

for any 0p . 

Hence, testing equation (4) with ( )+−
A

c

k
ku , we have 

( ) ( ) ( ) ( )1
1

1

1

1 



+−=








−+−

−
−+

−++

 dxe
u

udxuuu
n

n

kk

n

kkk u

k

n
k

R A

c

k
R

n

kA

c

k

n

A

c

k  

( ) ( )1
1

1

1





+−

−
−+

 dxe
u

u
n

n

kk

kLr

k u

k

n
k

B A

c

k  

( ) ( )11
11

1


++

−−
=

+− dxe
c

v

c

v
k

k

L

k

wn

k

A

c

k

B
k

A

c

k )( . 
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Hence  

( ) ( ) dxe
A

A
dxuuu

w

BR

n

kA

c

k

n

A

c

k
k L

kk


−









−+− −++

+→

11inflim . 

Letting +→L , we get 

( ) ( )
A

A
dxuuu

R

n

kA

c

k

n

A

c

k
k

kk
11 −









−+−

−++

+→
inflim . 

Now, observe that 

=




 + dxuu

nR

n
A

k

n
A

k
( ) ( ) dxuuu

R

n

kA

c

k

n

A

c

k
kk

 







−+−− −++ 11 ( ) −−+

+

 dxu
n

k

R A

c

k   
A
kc

ku

n

ku

 
dxu

A
kc

ku

n
A

k 
 

( ) ( )111 1 +−−
A

. 

Hence, we get this Lemma  

Corollary (1.10) (Li and Ruf, 2000). We have 

( ) 0=+ dxuu
BR

n

k

A

kn
\

, 

for any 0 , and then 0=u . 

Proof. Letting +→A , then for any constant c, we have 

( )
 

0→+ 
dxuu

cu

n

k

A

k
k

. 

So, we get this Corollary. 

Lemma (1.11) (Li and Ruf, 2000). We have 

( )dxu
L

n

n
n

BR
kk

k  −
+→ \

lim 1
1

1

1
−

−

+→+→+→
=−

n
n

n

n

kk

k

k

k

u

kL c
dxe


suplim)(limlim .      (10) 

and consequently 

k

k

c


,    and    +

−

k

n

n

k

k

c



1

sup .                          (11) 
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Proof. We have 

( )  − dxu
n

n
n

R
kk
1 ( )

 
+ 

− dxu
A
kc

k

n
n

u
kk
1 ( )

 
dxu

A
kc

k

n
n

u
kk 

− 1 ( )
1

11

−

−− + 
n
n

n
n

n

n
n

k

k

R
kk

c
Adxu




( )dxu
u

n

n
nn

n

R
kk

k

k

 −

−

 1

1




. 

Applying (5), we can find L  such that 1ku  on L

n BR \ . Then by Corollary (1.11) and the form 

of  , we have 

( )  −

+→
dxup

l
n

n
n

BR

A

kk
k \

)(lim 1 ( ) 0=+→
dxupC

l
n BR

n

k
k \
lim       (12) 

for any 0p . 

Since by Lemma (1.10) 
+→k

suplim 1
1






 + A

dxuu
nR

n
A

k

n
A

k , it follows from (1) that 

( )( )
+

−+
−

dxe
L

n

n

k
A
kk

B

Luup

k

1
sup  

for any 1
1
− nAp . Since for any pp   

( ) ( )( ) ( )







+− −+

− ppCLuupup n

n

k

A

k
n

n
A

k ,11 , 

we have 

( )( ) +
− dxu

L

n
n

B

A

kk
k

1sup                     (13) 

for any 1
1
− nAp . Then on LB , by the weak compactness of Banach space, we get 

( ) =






−

+→
dxu

L

n
n

B

A

kk
k

1lim ( ) 00 = dx
LB

. 

Hence, we have 

( ) = −

+→
dxu

L

n
n

B
kk

k

1lim ( ) 
+→+→

+ −

−

−

− Cdxu
u

c
A

L

n
nn

n

n
n

n
n

B
kk

k

k

k

k
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1

1

1

1 



limlim

+→
=

K
lim +

−

− C
c

A
n
n

n
n

k

k

1

1


. 

As 1→A  and 0→ , we obtain (10). 
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If 
k

k

c


 was bounded or +=

−

k

n

n

k

k

c



1

sup , it would follow from (10) that 

( ) ( )
( ) 01

1
01

=




−

=+

dxv
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n
n
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n
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nn B
n

BHvvv ,,

sup . 

Which is impossible. 

Lemma (1.12) (Carleson and Chang, 1986). We have that ( )1
1
1

−

−

 n
n

n
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k

k
k u

u
c 


 converges to 0  

weakly, ..ei  for any ( )nRD  
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1



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B
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Proof. Suppose supp pB . We split the integral 
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   

++ −

−
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n
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
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1
1

  
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We have 
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B
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By (12) and (13) we have 
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n
n
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A

kk  −1||  

for any 1
1
− nAp . We set 111 =+
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. Then we get by (11)  
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0
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0
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. 

Letting +→L , we deduce now that 
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
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−
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Proposition (1.13) (Li and Ruf, 2000). On any  0\nR , we have that k
n
k uc 1

1

−  converges to 

G in ( )C , where  ( )01 \, n

loc RCG   satisfies the following equation 

0

12
=+− −− nn

GGGdiv .                           (14) 

Proof. We set k
n
kk ucU 1

1

−= , which satisfy by (4) the equations: 

( )1
1

1
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−=+−

−
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n
n
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k

n
kkn

k

n

k u
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

.           (15) 

For our purpose, we need to prove 

( )RqCdxU
RB

q

k , , 

where ( )RqC ,  does not depend on k . We use the idea in [80] to prove this statement. 

Set    tUUtU k

t

kkt ,min, == 0 . Then we have 

( ) ( )=+−+ 
−

 n
t R

n
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t
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t
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n
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1

1
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−

 


. 

Let   be a radially symmetric cut-off function which is 1 on RB  and 0  on 
c

RB2 . Then, 

( ) ( )tRCRCdxU
RB

n
t

k 21
2

+  . 

Then, when t is bigger than 
( )
( )RC

RC

2

1 , we have 

( )tRCdxU
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n
t

k 22
2

  . 

Set   such that ( ) tUk = . Then we have 

( )R

n

B

n
BHvdxv

R
2

1

0
2

,:inf{     and   ( ) .}| tRCtv B 22=


 

On the other hand, the inf  is achieved by 
R

R

x
t 2

2
loglog− . By a direct computation, we have 
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R

t
nR

n

n 2
12

1

1 
−

−

−





log
, 

and hence for any
( )
( )RC

RC
t

2

1  
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  ( ) ( ) ,: tRA

kR eRCBtUBx −= 32   

where ( )RA  is a constant only depending on R . Then, for any A , 
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

=
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0

1

0

1 . 

Then, testing the equation (15) with the function 
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( )( )+
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−+
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log , we get 
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n
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Given nq  , by Young's inequality, we have 

 dxU
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q

k


( )( ) ( )( )
( )( )( ) 1211

2211
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( )( ) ( )( )
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U
k
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U

B
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n
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
  2211

 

Hence, we are able to assume that kU converges to a function G  weakly in ( )R

p BH ,1
 for any R  

and np  . Applying Lemma (1.12), we get (14). 

Hence kU  is bounded in ( )qL  for any 0q . By Corollary (1.10) and Theorem C, 
1−n

n

kku
e


 is also 

bounded in ( )qL  for any 0q . Then applying [9], and [8](or [5] ), we get
( )

CU
Ck 

,1 . So kU

converges to G  in ( )1C . 

For the Green function G  we have the following result. 

Lemma (1.14) (Li and Ruf, 2000).  ( )01 \, n

loc RCG   and near 0  we can write 

( );loglog rrOArG nnn

n

++


−=
1

 

here, A  is a constant. Moreover, for any 0 , we have 
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1
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
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−
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
B

n dxGtG 1  

Proof. Slightly modifying the proof in [14], we can prove 

( )1
1

++


−= ArG n

n

log . 

One can see [26] for details. Further, testing the equation (15) with 1, we get 

( ) ( )rrOdxG
n

G
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B

n
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n
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2
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1 11 −−
−



−−

− +=−=



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Then we get (16). 

We have 

( )  −− dxuu n
n

n

n
n
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k
11 

\
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Recall that ( )
kR

n

k BHU ,1

0 . By equation (15) we get 
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. 

By (17) and (11) we then get 
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U
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( ) .




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


B

n dxGG 11  

We are now in the position to complete the proof of Theorem (1.1): We have seen in (12) that  

( ) Cdxu n
n

n kk
BR

 − 1
\

. 

So, we only need to prove on RB  

Cdxe
n
n

kk

R

u

B


−


1

. 

The classical Trudinger-Moser inequality implies that 
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( )( ) ( )RCCdxe
n
n

kkk

R

Ruu

B
=

−+
−


1

. 

By Proposition (1.14), ( ) 







=

−1
1

1

n
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k ORu , and hence we have 

( )( ) ( )( ) +− −+
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n

( )( )( ) 1
1 CRuu n

n
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, 

then, we get 

.Cdxe
n
n
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R

u

B
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
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To proof Proposition (1.16), we will use a result of Carleson and Chang (see [12]: 

Lemma (1.15) (Li and Ruf, 2000). Let B  be the unit ball in
nR . Assume that ku is a sequence in 

( )BH n,1

0  with 1= dxU
n

k
B

. If 0→ku , then 

( ).suplim 112111
1 −+++
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



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


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Then, we get the following: 

Proposition (1.16) (Li and Ruf, 2000). If S cannot be attained, then 
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+

 which is in ( )BH n,1

0 . Then by the result of Carleson and Chang, 

we have 
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By Lemma (1.15), We have 
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and therefore, we get 
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where 0
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=
+→→
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By (12) in Lemma (1.11) we have 

+→+→ kL
limlim 





Be
n
n

kk

kLr

u

BB
=

−


1

\
, 

for any   . Furthermore, on B  we have by (18) 
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letting 0→ , then the above inequality together with Lemma (1.8) imply Proposition (1.16). 

1. The test functions 

Definition (2.1) (Li and Ruf, 2000). We will construct a function sequence   ( )nn RHu ,1    with 

11 = nH
u ,  which satisfies 
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for 0  sufficiently small. 

Let 
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where CA ,  and L  are functions of   (which will be defined later, by (19), (20), (21)) which 
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We use the normalization of u to obtain information on CA ,  and L . we have 
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nR

nn
, we obtain 

( ) ( )( )
( )

+−
+

++−+++−−=

−
−

− n

n

n

n
nn

L

Lc
AnnC

n
n

n
n

loglog

1
1

1
1

112111   

( ) ( )( ) .loglog 


+−++−+++−−= − nn
n

n
Ann 1112111                        (19) 

By ( )ii  we have 

( ) ( ) ( ) =++−− −− LGALcnC n
n

n
n

nn
11 11 log  

and hence 

( ) ( )( ) ( ) ( ) =++−+−+++−− LGALAnn
n

n log112111  ; 

this implies that 

( ) ( )( ) +−+++−−= 112111 nnA  .                                (20) 

Next, we compute dxe
n
n

nn

L

u

B

1−





 . 
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Clearly, ( ) t
n

n
tt n

n

1
1 1

−
+−= −  is increasing when 10  t and decreasing when 0t , then 

t
n

n
t n

n

1
11 1

−
−− − ,   when 1t . 

Thus we have by ( )ii , for any


 LBx  

( ) ( )
1

1

11
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1
−

−
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
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−=




n
n

n
n

n
n

n
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C
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n

x
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(
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1
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1
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1
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−



++−

−
−



n

n

n

C

Acn

n

n
C

n

x
n

n                           (21) 

Then we have 


−







 dxe
n
n
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L

u

B

1
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A
n
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n

x
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n

n

L

C

B


−

−















−


+−

−






1
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1
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( )
dx
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e
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n

n
A

n

n
C

n
n

n
n

n


−



−
−

+


= −



1

1

1

1  
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u

u
e

n
n
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n
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A
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n
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u

u
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−


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−

−


1
1

0

2

1

1

11
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( )( )1

1

11 −


−
−

−−

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n

n
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n
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A

n

n
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( )112111 −++++−= nAn e
n


( ) ( )( )1−−

 +++ n
n

LLLLCLO nnnn
loglog . 

Here, we used the fact 

( )
.
1

1

1

1

0 +
=

−−

−

=

−

m
C

km

k

m

m

k

km

 

Then  

( )dxu
L

n
n

B
n



−

 1 ( )112111 −++++−
nAn ne

n


( ) ( )( )1−−

 +++ n
n

LLLLCLO nnnn
loglog . 

Moreover, on
L

n BR \ we have the estimate 
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−


−

−




−


1
1

1

1

1

 

and thus, we get 

( )dxu
L

n
n

B
n



−

 1 ( )112111 −++++−
nAn ne
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n
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L
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n
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+

−
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1

1

1
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 +++ n
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( )112111 −++++−=
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n
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n

L
n

n

n 
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




−


+

−

\
! 11

1

( ) ( ) 













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
−

−

−
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L

C
LCLO nnnn

n
n

n
n

n
n

n
n

loglog 1

1

1

1   (22) 

We now set 

−= logL ;                                                                (23) 

then 0→L  as 0→ . We then need to prove that there exists ( )=CC  which solves equation 

(19). We set 

( ) ( ) ( )( ) 


+−++−+++−−−= −− nn
nn

n
Annttf n

n

loglog 11121111  , 

since  

( )( ) ( ) 0112 ++=− −


nn n

n

n
f loglog  

for  small, and 

( )( ) ( ) 01
2

1
1

2
1 ++−=− −


nn n

n

n
f loglog  

for  small, f has a zero in ( )( )1
2
1 −−


n
n

n

nf log , ( )( )12 −−


n
n

n

nf log . Thus, we defined C, and it satisfies 

( )11 OC n

n
n
n

+−= − log . 

Therefore, as 0→ , we have 

0
1

→
−n
n

C

Llog
, 

and then 

( ) ( ) 01111 →++ 

+


−−

−
−− LLCLCLCL nnnn

n
n

n
n

n
n

n
n

loglog . 
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Therefore, ( ) ( ) ( )iiiiii ,,  hold and we can conclude from (22) that for 0  sufficiently small 

( )dxu
L

n
n

B
n



−

 1 ( )112111 −++++−
nAn ne

n


. 

Definition (2.2) (Li and Ruf, 2000). To define the test function 2, we construct, for 2n , 

functions u such that 

( )
( )!, 1

1

1
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
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
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for 0 sufficiently small. 
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=
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
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where L is a function of  which will be defined later. 

We have 
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n
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We now ask that L  satisfies 

0
1

→
−

nL

c n
n

, as 0→ .                                     (24) 

Then, for 0  sufficiently small, we have 
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, 

where 21 BB ,  are positive constants. 

When 2n , we may choose 2
1
−= nbcL ; then, for b  sufficiently large, we have 
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And (24) holds. Thus, we have proved that for 0  sufficiently small 
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Corollary (2.3) (Shawgy and Mahgoub, 2011): Prove that for 0  

( )
( )!1
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−
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dxu
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Proof: For 0=k Results (5.1.8)(ii) implies that 
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−
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R
. 
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