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Preface to the 2" issue

As we live in exceptional circumstances in our country, Sudan, we seek peace and
stability first. But each of us must look forward according to his specialization in turn,
because life does not stop with such extraneous depressions. We expect that after peace
prevails throughout our country, we will be in dire need of reconstruction and
continuation of the renovation process at a steady pace to quickly overcome the
negative effects of this war imposed on all of us.

While we work to find solutions and address the problems facing the process of
construction and development in our country, it is necessary to continue the process of
spreading valuable scientific knowledge by presenting researches that serves the issues
of development, urbanization and future renaissance.

We are pleased to present to you the second issue of the Nile Journal of Science
and Engineering. We hope that, your sober scientific contributions in all issues of the
journal will be a real addition to the world of knowledge and scientific innovation,
through which we can fulfill our commitment to the reader to provide all that is useful
in the fields.

In this regard, | want to thank everyone who contributed and worked to put
together this issue, and we hope that it will be a real addition to the information of the
specialized reader.

Editorials
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The Nile Journal for Science and Engineering (NJSE) is a bi-annual research
journal aimed to publish original high quality research articles in the fields of
Science and Engineering that are not published or not being considered for
publication elsewhere. The journal is devoted to provide an appropriate forum for
the dissemination of high-quality and high-impact original balanced credible
academic writings in all disciplines of Science and Engineering. The work for
publication (research papers, review articles, technical reports and short
communications) will be accepted either in English or in Arabic.
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Results, Discussion, Conclusion and References.

Review papers: in which authors should review the up-to-date developments in relevant field
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Keywords: Key words (3-7 non generic words or phrases) should be provided directly belowthe
abstract to express the article content. They should be written left aligned,
arrangedalphabetically, separated with commas, capitalize only the first letters of proper nouns,
and donot end the list with a full stop.

Abstract translation: An abstract translation is to be prepared and assembled below
thekeywords, or at the beginning of the succeeding page. It should be precise and presents
wordby- word translation.
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Abstract

In order to satisfy the needs of engineers and contractors, this research aims to examine the effects
of superplasticizers on the qualities of workability and water absorption of concrete mixes when
combined with local materials. The methodology used to accomplish the research's goals focuses
mostly on data gathering from many sources, a thorough evaluation of prior studies, creating
concrete mixes, and conducting several laboratory trials utilizing various ratios of superplasticizer
with low water concentrations. By creating 12 cubes for each sample, the ratios of superplasticizer
applied were 0.0 (as a reference mix), 0.4, 0.8, 1.2, and 1.5 liters/50 kg cement for concrete ages
of 3, 7, and 28 days. Graded natural coarse and fine with local ordinary Portland cement (OPC)
were used for all concrete mixes conducted in this research. The experimental findings showed
that the ratio of superplasticizers with a reduction of 15% (w/c) to 50 kg of cement (0.8 liters)
significantly improved the workability of concrete. Additionally, there has been great workability
with the ratios of 1.5L per 50 kg of cement with a 30% reduction in water/cement and 0.4L per 50
kg of cement with a 10% reduction in water/cement. However, the absorption values exhibited no
variations with respect to the SP or w/c content ratios that were utilized. According to the results,
superplasticizers increase the workability of the concrete mix while lowering the water-cement
ratio to improve its characteristics.

Keywords: Superplasticizer; workability; absorption; concrete mixes; (W/C) Ratio.



mailto:ahassaballa@jazanu.edu.sa
https://www.nilevalley.edu.sd/
https://www.nilevalley.edu.sd/

Randa Muddather Omar et al./Nile Journal for Science and Engineering, Vol. 7, NO. 2 (2024) 1- 16

Ailaoyiell llaliel] o1 goliatels Ak 4011 Gupols e Waslal) cliall i eeds

4Ll e wileg e los] ol tome bl covs agnll fe ! yos ke I

gl B3zl Aaaly Al Luiidl @ud

Aagaud! Al ASLall Ol Ol Anelr Apal) dwai ]l pud2

Agagadl A yall ALl (8 ygall Agall ((opde el Eaale (Asall Ll @ud 3
Aagaadl Apsyall ASLal) o8 55ull Arpal) Apadlcl! Aaaleedl Aol Audilll cudd

ahassaballa@jazanu.edu.sa: et calyt!

oabiidl

A ulgy sl (olataly Al 430 o9 e aaslall cballl 31 ,Lasy el da Cdua «olslally cruasdl cldlaie cladul Jol o
@ @ bl Y1 e o355 se il Gl ) Jsumsl) cueaiiul @l Luzmd] Al Slsll gas Leaie Apbuysd! cllalsl]
oo e Bie 3T e Flo Alene oyl Bue Joe Al allbals Jee AaLad) Sl quds ae alas sue o Lele Jgiax!
i § 032289 052 7 ca923 yamy Hlaoyitly ciandll (o a1y 518 50 JSI ;U155 1.2 0.8 (0.4 < (A po 2uiS) 0.0 29 AasLall bl
plaziul o Syl Lple Jgvamdl @3 @1 leall mlidl gole Guidhisgs sl po elilly il zyuill 601 alusiul @ el
S Blaoyiedl Alia a3 Gramtd (6355 «( 0.8) e 3258 50 IS elall ciiaslll 2l (0 %15 (anpased Aady 255001 Lol
o WL B (30 %30 Ay piiel pa ciianelll (o 015258 50 ST U 1.5 A o B Aliddd gy 431 ) ALY Lyl
Losd alis (61 el o Lo liaia¥l @i (318 U3 po . ciaeedl e Ll & (30 %10 (asdes L pn ciasdd] (40 ply29S 50 JST U 0.4 5
Sllabill 2l 45 o 55 4@l balll o) Jaall o Say il sdd ladg Laltserael @ ) coiadll e W) A of AasLall cubiallly 3lazy

Leasbas crummy Lon cieadl e W) i (o J185 Loty Alao 50|

e e W Acid cAbu sl csllalsed) « olmzad! a0 Aaslall ol e Lido SLals


mailto:ahassaballa@jazanu.edu.sa

Evaluation of Superplasticizer Effects on the Properties of Workability and Water Absorption of Concrete Mixes

Introduction

Admixtures are defined as additional materials for concrete constituents, i.e., cement, aggregates
and mixing water, these constituents are added to the batch immediately before or during mixing
(ASTM 125, 1999).

Superplasticizers are used in concrete to improve some properties of fresh and hardened

concrete. These properties include, but not limited to, workability improvement, curing time
increasing or decreasing, and increasing concrete strength. Sometimes admixtures are used to
change the cement color.
A study on the dosage effect of superplasticizer on self-compacting concrete was reported by
Benaicha et al. (2019) one of several researchers who examined the impact of superplasticizer on
the properties of concrete mixes (the correlation between rheology and strength). Slump flow, V-
funnel, L-box, yield stress, and plastic viscosity were employed to measure rheology. in addition
to compressive strength, mechanical tests. The study's findings indicate that the tests had a strong
correlation.

To assess the performance of self-compacting concrete using 10% fly ash substitution for
cement in addition to varied doses of superplasticizer, Dumne(2014) investigated the effect of
superplasticizer on the fresh and hardened properties of the material. The study found that the
combination of fly ash and superplasticizer improved workability and raised compressive strength.

In an effort to determine the ideal superplasticizer dosages to improve concrete's strength
and workability, Alsadey(2015) made an effort to research the impact of superplasticizer on the
fresh and hardened qualities of concrete. Improved workability and compressive strength are the
results of the research.

Superplasticizer impact in mineral dispersal systems based on quarry dust was assessed by
Smirnova (2018). The compatibility issue was examined when this admixture was used with
microfillers made from quarry dust from rock crushing.

Additionally, studies on the impact of superplasticizers alone or in combination with other
admixtures on concrete mixes were undertaken by Saeed Ahmad and Elahi, Ayub (2005); Mbadike
(2011); E., Alsadey (2012); Gayathri (2014); Fadhil Nuruddin et al. (2011).
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Materials Used and Method of Testing

Cement

Ordinary Portland Cement (OPC), which complies with British Standards (BS 1996) is utilized in
this study. It was tested for its physical characteristics, including as its standard consistency, start
and final setting times, and compressive strength. It was discovered that 29% of the cement's
weight came from the water absorbed via the routine consistency test. The beginning and final
setting times of cement were experimentally determined using this amount of water. Table 1
displays the findings of the physical characteristics and compressive strength of cement mortar
cubes aged 2 and 28 days. These studies' findings demonstrate that the cement utilized in this study
complies with British Standards (BS 1296).

Aggregates

For this study, concrete mixtures were made using natural aggregates (both coarse and fine). The
grade of aggregates to be utilized in concrete mixtures was investigated using sieve analysis tests.
According to British Standards BS (1992); 882:1992 and (BS, 1992) 812-103, these tests were
conducted. Tables (2) and (3), respectively, give the results for coarse and fine aggregate. The
grading of coarse aggregate met BS 812-103.1 (882:1992), as shown in Table (2) and Fig. 1,
whereas the grading of fine aggregate met BS 882:1992 and BS 812-103, as shown in Table (3)
and Fig. 2.

Admixture used

The superplasticizer caplast super-special, which complies with ASTM C494 Type F (ASTM,
C494) and BS 5075 Part 111 (BS, 1985) was utilized in this study as a water reducer. Utilizing this
kind of admixture aims to decrease mixing water, provide excellent workability, and greatly boost
compressive strength.

Results and Discussion

In this study, intensive laboratory tests were carried out to investigate the effects of the
superplasticizer on the properties of fresh concrete (workability) and the water absorption of the
concrete mix. Preliminary tests for local ordinary Portland cement and aggregate used in the
research have been carried out. The ratios of superplasticizer added were 0.0 (as a reference mix),
0.4, 0.8, 1.2, and 1.5 liters/50 kg cement for concrete ages of 3, 7, and 28 days by preparing 12

cubes for each sample. The fresh concrete mixes were cast in standard test molds of 150 mm cubes,
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whereas a standard slump cone of 300 mm high and 150 mm in diameter was used for measuring
concrete slumps. The results of these experiments are shown in the following tables and figures:
Preliminary Tests Results of Cement

The results of the cement paste's physical characteristics and compressive strength are displayed
in Table 1.

Table (1): Results of Preliminary Cement Tests

Test Results Requirements of BS 12 1996
Consistency 29.0% 26% -32%
Setting Time
a. Initial setting time (min) 60 Not less than 60 min
b. Final setting time (hr) 3.17 Not more than 10 hrs.
Compressive Strength
a. 2days
Sample-1 17.6 N/mm?
Sample-2 17.2 N/mm? Equal or Greater than 10 N/mm?
Sample-3 17.32 N/mm?
b. 28 days
Sample-1 45.6 N/mm?
Equal or Greater than 42.5
Sample-2 44.1 N/mm?
N/mm?
Sample-3 46.2 N/mm?

Results of Aggregate Tests

Natural fine aggregate was created in accordance with BS 5075-1:1982, while natural uncrushed
coarse aggregate was created in accordance with British Standards BS (882:1992). The outcomes
of the sieve analysis test for coarse aggregate conducted in accordance with BS 812-103 (BS 812-
103.1: 1992) are displayed in Table 2. The greatest aggregate, which can be determined from Table
(2), is 20 mm, and the sample appears to be well-graded, as Fig. 1's vivid illustration makes evident.

The outcomes of the fine aggregate sieve analysis are displayed in Table 3 and Fig. 2.



Randa Muddather Omar et al./Nile Journal for Science and Engineering, Vol. 7, NO. 2(2024) 1- 16

Table (2): Results of Sieve Analysis of Coarse-Aggregate

. Retained BS
Sample (1) Sample (2) Average | %Age Passing | 812-

™ e (W@ 00 [0 103

25 0 0 0 0 0 100 100

19.5 0.129 |6.45 |0.131 6.55 | 6.5 93.5 85 to 100

12.5 1.113 55.6 | 1.265 63.25 | 59.425 34.075 Oto70

9.5 0.567 | 28.35]0.450 |22.5 |25425 8.65 0to 25

4.75 0.185 |9.25 [0.155 |7.75 |85 0.15 Oto5

pan 0.006 | 0.3 0.0 0 0.15 0 -

Absorption Ratio % = (1002-1000)/1000 = 0.2%

100

Grain Size Distribution Curves
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Figure (1): Grain Size of Coarse-Aggregate Test

From Figure (1), the distribution curves resulted in well-graded coarse aggregate.
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Table (3): Results of Sieve Analysis of Fine-Aggregate Test

Retained BS
B.S Sieve .
(mm) Sample (1) Sample (2) Average | %Age Passing | 812-
mm
Wt. (9) | (%) | Wt.(9) | (%0) | (%) 103
4.75 0.016 1.6 0.019 1.9 |1.75 98.25 89to 100
2.36 .029 29 0031 |31 (3 95.25 60 to 100
1.18 .0052 |5.2 0.052 |52 |52 90.05 30to 100
0.600 .0158 15.8 | 0.161 16.1 | 15.95 74.1 15to 100
0.300 .0626 |62.6 |0.656 |65.6|64.1 10 5t0 70
0.150 .0096 | 9.6 0.062 (6.2 |79 2.1 0to 15a
0.075 0.023 |23 0.019 19 |21 0.4 -
pan 00 00 00 |00 00 00
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Figure (2): Grain Size of Fine-Aggregate Test.
Table (4): Fine Aggregate Silt Content

Sample Sample 1 Sample 2
Total weight (g) 1000 1000
Weight after washing (g) 992 991

Silt and clay (%) 0.8 0.9
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Results of Workability (Slump) for Fresh Concrete Tests

The equipment for the slump test is indeed very simple. It consists of a tamping rod and a truncated
cone, 300mm in height, 100mm in diameter at the top, and 200mm in diameter at the bottom. To
conduct a slump test, first moisten the slump test mold and place it on a flat, nonabsorbent, moist,
and rigid surface. Then hold it firmly to the ground by foot supports.

Next, fill 1/3 of the mold with the fresh concrete and rod it 25 times uniformly over the cross
section. Likewise fill 2/3 of the mold and rod the layer 25 times, then fill the mold completely and
rod it 25 times. If the concrete settles below the top of the mold, add more. Strike off any excessive
concrete. Remove the mold immediately in one move. Measure and record the slump as the vertical
distance from the top of the mold to average concrete level.

Table (5): Results of Slump Improved by Superplasticizer (SP) Ratios and Water Reduction

Superplasticizer
(SP)

) 0.0 0.4 0.8 1.2 1.5
(Litre/50-kg
Cement)
Water  Reduction | 0 10 15 20 30
(%)
Slump (mm) 40 90 180 190 185

200
E 150
E
o 100
g
Y

0 -
0.4(10%) 0.8(15%) 1.2(20%) 5(30%)
Superplasticizer Ratios

Figure (3): Relationship between Results of Slumps and Superplasticizer Ratios and Water

Reduction
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Table (5): Results of Slumps Improved by Superplasticizer Ratios with Water and Cement

Reduction

Superplasticizer (Litre/50-kg Cement) | 0.0 0.4 0.8
Water Reduction (%) 0 10 15
Cement Reduction (%) 0 10 15
Slump (mm) 40 50 85

O
o

(o]
o

N
o O

(O
o

Slump (mm)
S 8 &

[Eny
o
1

o
I

0 0.4 0.8
Superplasticizer Ratios

Figure (4): Relationship between Results of Slumps and Superplasticizer Ratios and Water

& Cement Reduction.

Results of Concrete Water Absorption Tests

Drying the produced specimens until the mass was constant (WO). The specimens were then
submerged for 28 days in clean water. The specimens were removed when the necessary
immersion time had passed, the surfaces were swiftly cleaned with water, and they were then
immediately weighed (W1), as shown in Tables 7-14. The following formula can be used to
determine the rate of water absorption:

Water Absorption (%) = {(W1-WO)/WO} *100.
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Table (7): Results of Absorption after 28-Days: Control Mix

Cube No. Initial Weight Final Weight | Differences | Absorption
1 8.002 8.347 0.345
2 8.021 8.251 0.23
3.42%
3 8.088 8.337 0.249
Mean Weight | 8.037 8.312 0.275

Table (8): Result of Absorption after 28-Days: Superplasticizer Ratio = 0.4L/50-kg of

Cement and 10% Water Reduction.

Cube No. Initial Final Weight | Differences Absorption
Weight
1 7.954 8.320 0.366
2 8.283 8.492 0.209
3.33%
3 8.167 8.405 0.238
Mean Weight | 8.135 8.406 0.271

Table (9): Result of Absorption after 28-Days: Superplasticizer (SP) Ratio = 0.8L/50-kg of

Cement and 15% Water Reduction

Cube No. Initial Weight | Final Weight | Differences Absorption
1 8.032 8.333 0.301
2 8.039 8.318 0.279
3 8.203 8.501 0.298 3.62%
Mean

_ 8.091 8.384 0.293
Weight

Table (10): Result of Absorption after 28-Days: Superplasticizer (SP) Ratio = 1.2L/50-kg of

Cement and 20% Water Reduction.

Cube No. Initial Weight | Final Weight | Differences | Absorption
1 8.326 8.624 0.298

2 8.347 8.679 0.332 3.78%

3 8.365 8.683 0.318

10
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Mean
Weight

8.346 8.662 0.316

Table (11): Results of Absorption after 28-Days: Superplasticizer (SP) Ratio = 1.5L/50-kg of
Cement and 30% Water Reduction

Final
Cube No. Initial Weight ) Differences Absorption
Weight
1 8.187 8.374 0.187
2 8.352 8.548 0.196
2.21%
3 8.220 8.401 0.181
Mean Weight | 8.253 8.441 0.188

Table (12): Result of Absorption after 28-Days: Superplasticizer (SP) Ratio = 0.4L/50-kg of

Cement and 10% Water Reduction and 10% Cement Reduction

Cube No. Initial Weight | Final Weight | Differences | Absorption
1 8.489 8.782 0.293
2 8.220 8.545 0.325
3.95%
3 7.951 8.308 0.357
Mean Weight | 8.220 8.545 0.325

Table (13): Result of Absorption after 28-Days: Superplasticizer (SP) Ratio = 0.8L/50-kg of

Cement and 15% Water Reduction and 15% Cement Reduction

Cube No. Initial Weight | Final Weight | Differences | Absorption
1 8.529 8.653 0.124
2 8.391 8.518 0.127
1.44%
3 8.667 8.787 0.12
Mean Weight | 8.529 8.653 0.124
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Table (14): Effect of Superplasticizer (SP) Ratios on Absorption of Concrete Mixes for 28-

Days of Age
Water ) Difference
) Absorption ) % Age
No. | Dosage | Reduction (Relative to Control |
(%) ) Difference
(%) Mix)
1 0.0 0.0 3.42 3.42-3.42 =0 0
2 0.4 10.0 3.33 3.33-3.42 =-0.09 3 (decrease)
3 0.8 15.0 3.62 3.62-3.42=0.20 6 (increase)
4 1.2 20.0 3.78 3.78-3.42 =0.36 11 (increase)
5 1.5 30.0 2.21 2.21-3.42 =-1.21 35 (decrease)
4
3.5
3
c
225
Q.
5 2
815
<
0.5
0
0 04 0.8 1.2 1.5
Superplasticizer Ratios

Figure (5): Relationship between Superplasticizer (SP) Ratios and Absorption of Concrete
Mixes for 28-Days of Age

12




Evaluation of Superplasticizer Effects on the Properties of Workability and Water Absorption of Concrete Mixes

Table (15): Effect of (0.4 and 0.8) L/50-kg of Cement Superplasticizer, (10 and 15%) Water
Reduction and (10 and 15%) Cement Reduction on Absorption of Concrete Mixes for
28-Days of Age.

Water Cement ) .
) ) ) Difference(Relative | %0  Age
No. | Dosage | Reduction | Reduction | Absorption ) )
to control mix) Difference
(%) (%)
1 0.0 0.0 0.0 3.42 3.42-3.42 =0 0
15
2 0.4 10.0 10.0 3.95 3.95-3.42 =0.53 _
(increase)
58
3 0.8 15.0 15.0 1.44 1.44-3.42 =-1.98
(decrease)
4.5
4
3.5
c
9 3 -
825 -
2 2
e}
<15 -
1 -
0.5 -
0 .
0 0.4 0.8
Superplasticizer Ratios

Figure (6): Absorption Concrete Mixes after 28-Days: Superplasticizer (0.4 and 0.8)L/50-kg
of Cement, (10% and 15%) Water Reduction and (10% and 15%) Cement Reduction

Discussion of the Results:

Preliminary results of concrete constituents:

To ensure that the primary components of concrete (cement and aggregates) are sufficient and
adhere to BS (British Standards) code requirements, laboratory tests were carried out. According
to Table 1, which summarizes the findings of these preliminary tests, the cement utilized in this
study conforms with BS 1296. Tables (2) and (3), respectively, give the results for coarse and fine
aggregate. The grading of coarse aggregate met BS 812-103.1 (882:1992), as shown in Table (2)
and Fig. 1, whereas the grading of fine aggregate met BS 812-103 and 882:1992, as shown in
Table (3) and Fig. 2.

13
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Workability

When admixtures were added to a common reference mix with a w/c ratio of 0.48, the slump test
was utilized as a gauge of consistency. Slump values for standard reference mixes are 40 mm,
while they are 90 mm, 180 mm, 190 mm, and 185 mm for mixes containing 0.4, 0.8, 1.2, and 1.5
L of superplasticizer per 50 kg of cement and reduced water by 10%, 15%, 20%, and 30%,
respectively. A reduction in the slump in the proportion of 1.5 as a result of a significant reduction
in the proportion of w\c compared with other ratios presented in Table (5) and Fig (3).

As indicated in Table 6 and Figure 4, slumps of mixes comprising (0.4 and 0.8 liters of
superplasticizer per 50 kg of cement) reduced cement by 15% and water by 10%, respectively.
While the workability of mixes combining admixtures and decreased cement was lower than that
of blends containing only admixtures, it was still significantly greater than that of the common
reference mix.

Water Absorption

Table (14) demonstrates that the values of absorption vary regardless of superplasticizer ratios or
water reduction rates. Table (15) demonstrates that as superplasticizer ratios increased (0.4% and
0.8%) and cement and water contents reduced, absorption values decreased.

Conclusion

This investigation was done to find out how superplasticizer (SP) affected the characteristics of
freshly-poured and hardened concrete.

Compressive strength and workability (slump) were the qualities that were examined. The study's
findings lead to the following conclusions:

e In all ratios of this admixture added to concrete mixtures, superplasticizer had a
substantial impact on the characteristics of fresh concrete.

e The slumps of mixes including ratios of SP with reduced water content were observed to
range from 90 mm to 190 mm, which is significantly greater than the slump of the
standard reference mix (40 mm) and almost twice as high as that of mixes containing SP
with reduced water and cement (slumps reached up to 85 mm). However, very high doses
of SP have a tendency to make concrete less cohesive.

e With regard to the applied ratios of SP or w/c contents, it was found that the absorption

values did not exhibit any steady state alterations.
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Study of the Occupational Safety and Health System for
Cement Factories in the River Nile State

Khalil Mohammed Ali' and Khawla Ameer Mohammed Elameen?

1 Faculty of Engineering and Technology, Nile Valley University
2 Faculty of Engineering, Shekh Elbadri University, River Nile State
Email: Bicsho2@yahoo.com

Abstract

Occupational safety and health in the field of maintenance of cement factories is
one of the important elements due to its association with risks, and most of the
cement factories in Sudan did not show interest and priority in the safety system.
The aim of this paper is survey workers' opinions about the safety system in the
production line of the Nile River State factories, discuss and analyze them, and
reach results that contribute to improving the safety and health system in the state's
cement factories. The study dealt with an introduction to safety, which included the
elements of production, the importance of safety, the research objectives, and the
research problem. It also relied on the descriptive approach, and questionnaires
distributed to different parties. The study reached many results, including: There
are risks in the cement factories in the Nile River state, including: conveyor belt
risks - machinery movement risks - electricity risks - fire risks - production
facilities risks.

Keywords: Safety, occupational health , hazards, risk assessment, Nebosh
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Abstract

This article reviews and interprets exponential and integral functions on representations of some
probability distributions. The literature survey covers Poisson distribution, Normal Distribution,
Exponential Distribution, Gamma Distribution, and Weibull Distribution. The article explained in
detail the contribution of both functions on the chosen probability distributions. The most
important recommendation for those who want to be good statisticians is that they must have a
good background in mathematics.
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The overall Aim
The overall aim of this article is to display the contribution of exponential and integral functions
in some probability distributions, and to stimulate those who want to be a good statistician i.e.

they should be familiar with these functions as well as other functions.

Introduction

Statistics provides models that are needed to study situations involving uncertainties, in the same
way as calculus provide models that are needed to describe, say Newton Laws of motions. The
names which are connected most prominently with the growth of mathematical statistics are R.A.
Fisher, J. Neyman, E.S. Peorson and A. Wald (John and Ronold, 1980, P:2). R.A. Fisher who got
a degree of Doctor of Science at University of Evitcago in 1952 (George, 2014, P:1) , his name
is connected with F distribution , George E.P.Box concluded in his article some questions about

Fisher which might be asked :

- Was he an applied statistician?
- Was he a mathematical statistician?
- Was he data analyst?

- Was he a designer of investigation?

It is surely because he was all of these he was much more than the sum of the part . He provides
an example we can seek to follow (George, 2014, P:2).Some of mathematical topics have useful
background to statistics and probability distributions : They are Boolean algebra , calculus ,
functions , mathematical transforms , and matrices . (E.Frend & Waple, 1980, P:177) claimed that
“The beginnings of the mathematics of statistics may be found in mid eighteenth — century studies
in probability motivated by interest in games of chance. The theory thus developed for "head or
tails " or " red or black "soon found applications in situations where the outcomes were "boy or
girl " or "life or death” or "pass or fail” and scholars began to apply probability theory to actuarial

problems and some aspects of the social sciences and physics.
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Literature of Some Probability Distributions
Exponential Functions

The origin of Exponential Function is the Binomial theorem is stated as:

(n— 1)x2 +n(n— D(n—-2)

(1+x)"=1+nx+n o 2 X34
Replacing x by %

1\" 1 nm—l)ﬁz Mn—nm_z)%3
e
(142 141, 006D Qa-Eha-Ch,

n 2! 3!

Taking the limitasn - oo

. @ N _,, 1,11
i *E)‘ Tttt

= e (known as a magic number)

1 n 1 nx
If we rase (1 + ;) to x , then (1 + H) and taking the limitas n —> o

( 1)nx - (1) N nx(nx ;!1) (%)2 N nx(nx — 1):(;!1x -2) (i)3 N

=1+t 21 31

+ -

Qe LN G Lo N 6 [l Gl

Taking the limitas n — oo

lim (1 nxlxx2 x3 .
££<+ﬂ'—+ﬁ+a+§+“—e

Which known as Exponential function (KA Stroud, 2004, P:4). The Exponential function plays
important roles in many probability distributions such as: Poisson Distribution, Normal

Distribution, Exponential Distribution and Weibull Distribution.
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Poisson Distribution
Poisson distribution can be represented from the known Binomial distribution specifically, we

shall investigate the limiting from the Binomial distribution whenn - o andp — 0 , while np

remains constant be A , thatisnp =1 ,and hence p = %
That could be explained as follows:
NN A
= — 1— —
bGn,p) (x)(n> ( n)

nn—1)mn-2) .....(n—x+1)<&>x<1 x>"‘x

x! n n

n—x

X
Then one of x factors should be divided in (%) into each factor of the product

nn—1DMmM-2)....(n—x+ 1) and write

-n

(- s((- ) (-9

2 A

(1= 0= 3= () -y

x! n

Finally, if we letn - oo while xand A remain fixed, we find that the limit becomes:

(- )= D= )

AN\
(1— —) —e
n

and hence, that the Limiting distribution becomes:

X -\

e
p(x,A)= por forx = 0,1,2,...
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which is a Poisson distribution this distribution, had been named after the French mathematician
Simeon Poisson (1781 — 1840) (Susan and Jesse, 2003, P:9)

The Integral Functions

Some function are most conveniently defined in the form of integrals such as Gamma function
and Beta function (Stroud, 2004, P:125)

The Gamma Function [ (x) is defined by the integral

[0e]

[(x) = j t*~1e~t ¢ and is convergent for x > 0
0

If we replace x by x+1

oo}

Then [(x + 1) = f t¥e~t at

0

— xe_t @ Oo—t x—1
F(x+1)—lt <_1>lo+xje t*~1 dt

0

Integrating by parts:

=[0—-0]+xT(x)
fx+1) = x[(x)

Put n=x
f[nm+1) = nlfn)=m-1DT(n-1)

=mn—-1Dn-2)T(n-2)
=n-1Dn-2) ... 17D

o)

r) = f‘[oe_““=—[e_t ]O(;)z 0 +1 =1
0

f(n+1)=nn—-1)(n-2) x1=n!
[((n+1) = n!
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For Example: [(7) = 6! = 720

The Beta Function

The Beta function B(m,n ) is defined by :
1
B(m,n) = fxm_l(l-x yrt ax
0

which converges for m >0 andn > 0

putting(l1—x)=u ~x=1—-u

dx = — du
Limitswhenx =0,u=1,whenx=1,u=0
0 1
B(m,n) = —f(l-u)m'lu"‘l = J(l-u)m'lu”‘l du
1 0
=B(n,m)

~B(m,n)= B(n,m)
The Relation between gamma and beta functions:

[(m) T (n)
Blm,n) =00y

The Normal distribution
A random variable has a normal distribution and it is referred to as a normal random variable if
and only if its probability density is given by: (John and Ronold, 1980, P:5)

1 -3y
e 2\ao/ for —oo < x < oo whereo >0

N(x,u,0) =
oV2m

Where o is the standard deviation and u is the mean of the distribution, we need to show that the

total area from —oo to o0 is 1, making the substitution z = % we get:

f 1 _1sz 2 J _1zzd
e 2 z=——1| e 2° dz
- oV2m \/27r0

—

co 1

Si J =ry G
mce e 2 zZ = =
0 \/i

SIS
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Moment Generating Function
The exponential function plays an impartment role is evaluating the moment generating function
for the probability distribution, the two expectationsE[x]and E[x?] are very useful in determine

the mean and the variance of the distributions.

Definition

Let x be a random variable with Discrete probability distribution the moment generating function
for x is denoted by: my(t) = E[e"*]

Gamma Distribution

The theoretical basis for gamma distribution is the gamma function (KA Stroud,2004,P:136)
Definition

A random variable x with density:

1 -x
_ o— /
f(X) = ICVE x*le /B

x>0,6>0,8>0

is said to have a gamma distribution with parameter « and S with moment generating as :

my (1) = (1-Bt) "¢t > =

B
and mean = o« S , variance = < B?
proof:
by definition:
my(t) = E[e™]
0 1 —x
— et¥ X1, /[3 dx 1
J (B @
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o

__ 1 w1, (G = D)
ey R

0

Letz=(1 Bt)x
B

x =pz(1—- pt)

dx = pdz(1— Bt)

Substituting in (2)
_ 1 ‘ Bz ., e “Bdz
mx(t) - r(oc)ﬁo(bf (1 _ ,Bt) (1 _ ﬁt)

0]

— 1 ﬁoc x-1 ,—z
" TEBE - O J.Z o

o

Sice: [ (x) =fz“_le_zdz
0

1
Then: my(t) = 0 (1= ﬁt)“x [ ()
=Gt = a-

t < % to avoid division by zero

To find then mean:
d
u = E[x] = = (1))

d -
= (1= B,

= - (1= pt)" D x—p

= 'B
var(x) = E[x%]—-E[x]?
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d? d?

E[x?] = ﬁ(mx(t)) =77 1- Bt)_“mo

=x (< +1) (1= )™ "2 X — =g
= (ox +1) 2

var(x) =« (o« +1) B2 — (x B)?
— OCZﬁZ-I-OCﬁZ—OCZﬂZ: ocﬁz

Hence the mean and variance of gamma distribution as:
u = B and var(x) = o« B2

The Beta Distribution
Definition
A random variable X has a beta distribution and it is referred to as beta random variable if and

only if:

£) = {%x“l(l —x)F1 for 0<x<1
0

elsewhere

We need to show that:

[(<+B) ey g ~
) T@T®” MA-0fdx =1
That is:
F ) M) T(B)
x* 11 —-x)f1 dx = ——=
Oj [(x +pB)
_ (e« +B) g %—1p1 _ Np-1
" T@) r(ﬂ)o" (=07 dx

_ 4B @B
@B T(x+p)
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The mean and the variance of beta distribution:

a
< +f

the mean: u =

2 ap
(< +8)2(x +B + 1)

By definition: The mean is
n = E[x]

1
(< +B)

— =171 _ ,\B-1
@r@) * G

M +B) [

= — Lo —_ B-
@r®) 0P dx

Since

1
fx“‘l(l—x)ﬁ_1 dx = B(x,B)
0

and

fa+1) B
[+ + 1)

_al@ B
T [(x4+B8+1)

B(x+1,8) =

M +p) [

LGS/ _ M@+ )@ (x+B)
(@ T®)

[(+p+1)  [(@) [(B)

_x+p)  al@l() _ _«a
(@B T(xc+p)(x+B) o« +p

x* 11 - x)A1 dx

02 = E[x?] - E[x]?

E[x?] = [(x +pB)

— oc+1 _ \f-1
) Tarp™ 079

1
Since: Jx"“fl(l—x)ﬁ"1 dx = B(x+2,8)
0
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M(a+2) (B
[(x +2+ B)

_ (a+ DM@+ (B
(B + D) [(x+B+1)

3 a(e+1) [ () [(B)

— (4B + (< +B) [(x +p)

and B(«< +2,8) =

b - LD a@tDT@T® __ al@+D
T T@TE " @B+ D) (< +B) (< +B + D(x +h)
a(a+1) oc?

0? = E[x?]-E[x]? = (X +B8 + (X +8) (% +B)?

Cala+ D(ex +4) o (o« + + 1)
(< +B + 1)(cx +8)?
o ta Btoc? 4o ff —ocd—oc? f—oc?
(< +8 + 1)(cx +8)?
2 _ ap
(< +B)2(x +B + 1)
The mean and variance of beta distribution are:

N O

a a
and 0% = P

<+ (4B (x +B+ 1)

“:

The Weibull Distribution

Definition

A random variable x is said to have a Weibull distribution with parameter @ and 8 if its density
is given by: (Stroud, 2004, P:129)

flx) =xp xB1e=xF x5 0,x>0, B >0
The mean of distribution is:
_1 1
p=afl(1+7)
B

Proof :
p = E[x]

:f x «f xB-1e=xxf gy
0
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:f x f3 xBe==xf gx
0

Let: z= o xP

= (5B
x=(2)
dx =~ (55 d
x—ﬁ a) z

1

dz

[ 1 1
Since: fzﬁe_z dz = I—(1+E
0
-1 1
Elx]=pu=a? I_(1+E

E[x?] = j x 2 «f xPle=xF gx
0

=J « p xPrie=x" gx

0
Let: z = « xP

1

Z_ =
x=(2)F

1 z1 4
dx=(@)(a)ﬁ dz
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22 1 1.\?
=q B I_(E+1)—(a B( |_1+E))

F(2—+ 1) - (1)2? F<1+l) 2
p a B

Q
Il
~
KRIrF
p—
S

Discussion

The origin of Exponential function, Gamma and beta functions has been introduced. Grasping
those functions helps to understand the behaviour of the probability distributions. Looking at
Poisson distributions it could be seen that it is impossible to determine the probability function
without the exponential function. The Poisson distribution function is written as: (Sanders and

Smidt, 2000, pp 177-178)
xe_x

p(x,A)=

Some authors tended to evaluate e~ to make life easy: They constructed table for e* and e™ one
of the mis Frenund in his book (John and Ronold, 1980, P:16)
The gamma function reduces a lot of work specially in Integrating some difficult integral of the

por forx =0,1,2,3,..

from:
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o0
f the t dt
0

and also, the evaluation of F(%) which has been use in proving the function of standard normal

function which severs as a probability density function.

The Beta function involved in the Beta distribution function,helps to find the mean and the
variance of the distribution.

Conclusion
In this article, the exponential and integral functions have been displayed.
The roles in some probability distributions have been explained. Those who intend to be good

statisticians are recommended to have good background in mathematics.
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Abstract

This study aimed to study Gateaux differentiability of the functional@,, o (f) = fooo O(fHw
and of the Luxemburg norm, it followed the descriptive method and the study found that we can
obtain the one-sided Gateaux derivatives in both cases by characterizing those points where the
Gateaux derivative of the norm exists, we obtain a characterization of best ¢, g-approximants
from convex closed subsets, there a relation between best @, ¢ -approximants and best

approximants from a convex set.
Keywords: Gateaux Derivatives, Orlicz-Lorentz space, Best approximants
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Introduction
Let M, be the class of all real extended u-mmeasurable functions on[ 0,a),0 < a < oo, where u

is the Lebesgue measure. As usual, for f € Mywe denote its distribution function by pfq) =
p0 < x < a:|f(x)| > QP (Q = 0), and its decreasing rearrangement by

F1(1 +2€) = inf{Q: pp (A) < 1+ 2¢} (e > ‘?1)

If two functions f and g have the same distribution functions we say they are equimeasurable and
we denote it by f~g.

For other properties of u; and f*, (see Bennet and Sharpley 1988, pp.36-42).

Let @: R, — R, be differentiable,convex,(0) = 0,8(1 + 2¢) > 0 fore > _71 and let

w : (0,a) — (0, ) be aweight function, non-increasing and locally integrable.

If @ = oco,we assumelim; 5., w(1 + 2¢) = 0 and f0°° w(1+ 2€)du(1 + 2¢€) = oo.

For f € Moletg,,o(f) = [ 0(f*(1 + 26))w(1 + 2€) du(1 + 2€)
In (Hudzik, Kaminska and Mastylo 2002 and Kaminska 1990 —Kaminska 1991), several authors
studied geometric properties of the regular Orlicz-Lorentz spaces,
{f € My: 9, 9(Af) < oo for someQ > 0}. The main ojective of this section is to study
differentiability properties in the following subspace

Ayg = {f € My: ¢, ¢(Qf) < oo for allQ > O},

which appears to be convenient for our purpose. Under the norm given by

flloo = inf{e > 0: 90 @ < 1},
A, ¢ is a Banach space (Kaminska 1990). It is clear that if w is constant, A,, ; becomes a subspace
of finite elements Ly of the Orlicz space Ly (see Rao and Ren 1991). On the other hand, setting
B(14 2¢) = (14 2€)'*¢,0 < € < oo, we obtain the Lorentz space L, 1+¢)and
©uo(f) =If ||%;jj +e)- These weighted Lorentz spaces as a generalization of Lorentz space have
been studied in (Halperin 1953).
If w(1+ 2¢) = (g) 1+ 26)(1_:)_1,0 < —€e< €<,
a good reference for a description of these spaces in L(1 + €,1 — €)spaces in (Hunt 1966).A

function o:[0,@) — [0,a)is called a measure preserving transformation (m.p.t) if for each u-
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measurable set I c [0,a),5~1(I) is u-measurable and (0‘1(1)) = u(I). It is very important to
emphasize that any m.p.t induces equi-measurability, that is, if

g € Mythen|g| o o is a u-measurable function on[0,a)and |g| o o~|g|.For g € M,,we denote
supp(g) = {0 < x < a: g(x) # 0}.In view of the assumptions on the weight w, if

f €Ayg, then limy s 0 f*(1 + 2€) = 0.In consequence, by Ryff's Theorem (Bennet and
Sharpley, 1988) there is an m.p.t o: supp(f) — supp(f*)such that

Ifl = f*e0o p—ae onsupp(f)(1.1)
Moreover, if a: supp(f) — supp(f*)is any m.p.t fulfilling (1.1), then

oo = f 0 (@)0(If1) d

supp(f)
In fact, since @(f*)w~@(|f|)w(a), so their integrals are equal (see Bennet and Sharpley 1988).

LetT: A, — R be a functional. For f,h € A, ¢ we will use in this work the one-sided Gateaux

I + . T(f+h(1-26))-T(f)
derivatives y7 (f, h) = 1_12120+ = and

_ . T(f+h(1-2€))-T(f)
= 1
vr(f,h) 1-2650- 1-2¢

. (Carothers et al., 1993) showed that if @ = oo, @(1 +

2€) = (1 + 2e)'*¢, 0< e <, and w is astrictly decreasing function, then
Voo s 1) = (L +€) [ w(ten) I fIE(1 — 2€)g (R d p, where(ty ;)is defined by
(7r0) ) = up(IF D
+u({y: If I = If ) land R (A = 26)g(f ) > h(x)(1 = 26)g(f (x))})
+u(y: 1f O = IfLROA = 26)g(f (1) = h(x)(1 - 26)g(f (x))and y
<x}). (1.2)
It is known thatzy pis an m.p.tand |f| = f* o 7, u-a.e. onsupp(f)(see Ryff 1970).
In one sided Gateaux derivatives in A, g, we generalize this result. Usinga technique similar to that
in (Levis and Cuenya, 2004, Theorem 2.6), we compute the one-sided Gateaux derivative of the
modular for 0 < a < oo, wa non-increasing function, and @, a convex function.Here,we need to
work with a suitable m.p.t. Also, we obtain the one-sided Gateaux derivative for the norm |||, g,
called also the Luxemburg norm.
We say that f € A, gis a smooth point for T if there exists the Gateaux derivative of the functional
Tinf,ieify;(f,h) = yz (f,h) forall h € A, gand we denote it by y7(f, h). The set of smooth

points for the functionalg,, 4 Was investigated in (Levis and Cuenya, 2004).
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Let K c A, gand f € A, gbe given, and considerthe problem of finding h* € K such that

T(f —h) = inf T (f = h) =:Er (f, K). (1.3)
Denote by P;(f, K)the set of allh* € K fulfilling (1.3). Each element of P;.(f, K) will be called the
best T-approximant of f from K. If Tis the Luxemburg norm, we only say the best approximant
fromK. Leta =1, let (1 + 2¢) = (1 + 2¢e)*€with 0 < € < oo, let f be a simple function in
Ayg, andletK == {g € A, 4:g is constant}.
In (Levis and Cuenya, 2004), we give a characterization of the best ¢, 4- approximants of f from

K and we show the way to obtain the best ¢, 3-approximants maximum and minimum, which will

be denoted byf and f respectively.We give a characterization of the best ® ¢ -approximants
off € A, from a convex closed set, K, and we establish a relation between the bestg,, -
approximants and the best approximants from K.Finally, we give a characterization of the best
constant ¢, g-approximants and we calculate the best constante,, g-approximants maximum and
minimum (Levis and Cuenya, 2007).

2.0 One sided Gateaux derivatives in A4, 4

We let f,h € A, 4for each € > %,We consider any m.p.t.

Of +h(1-2¢€): supp(f + h(1 - 26)) - supp((f + h(1 - 26))*) such that

If + h(1 —2¢)| = (f + h(1 - 26))* © Of4+h(1-2¢)-a.€.0N supp(f + h(1 - 26)).
In (Levis and Cuenya 2004), we showed that lim;_;._,o 07 (x) = Ofrp-20-a.€ ON E(f) N

supp(f) where E(f) == {0 < x < a: p{lf| = |f (x)[} = 0}
However, we give an example which shows that this result does not hold on the whole supp(f)

(Levis and Cuenya 2007).

Example 2.1 Fora =1,letf =2, | + xj1 ,and h = xj13).For 1<e<0,
d) " Y [+3) 2
we consider the m.p.t. defined by
1 1

O(f+n1-2)(X) = (x + Z) )([0%) + (x - Z) XE%) + xXE,n'

and for% < € < 0the m.p.t. defined by
1 1
O(f+n1-26)(X) = o2y * (X + Z) Xz + (x - Z)XEJ)-

We observe that for all 0 < x < 1,1im;_5¢_0 0 (54 n(1-2¢)) (X)dOES NOL eXist.
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Now our purpose is to define a sequence of m.p.t.os, (1-2¢)n
such that limg; _z¢) 0 f+(1-2¢),,n (X)€Xist for x € supp(f) U supp(h).To prove it we need some
auxiliary lemmas.
Lemma 2.2 Let R < [0,a)be a u-measurable set with u(R) = b > 0.
Thena: [ 0,a) — [0, b)defined by a(x) = u(R n [0, x])is a non-decreasing continuous function
with ¢(0) = 0 and lim,_,,- c(x) = b.
Lemma 2.3 Let ¢ be the function given in Lemma 2.2. Theno: R — [0, b) is an m.p.t.We denote
such ¢ by op.
Proof. Let 0 < Q < b. From Lemma 2.2 there exists 0 < x < a such that ¢( x) = Q.
We consider xq = sup{x: a(x) = Q}. .Sincelim,_,,- 0(x) = b,xq < a
show that {x € R: ox(x) > Q} = R N (xq, a).
Let x € R be such that ox(x) > Q. If x < xq , from Lemma 2.2 gz (x) < ozr(xq) = Q and this a
contradiction. Thus x € R N (xq, a).On the other hand,
ifx € RN (xq,a),0r(x) = ag(xg) = Q.If ox(x) =Q
thenxg, is not the supreme and this is another contradiction. Thereforeag (x) > Q.Then
Hop (@) = u(R N (xq, @)). (2.1)
Now, we consider g(x) =x,0 < x < b.
From (2.1) and the continuity of o, we have p,, (Q) = b —a(xq) = b — Q = u,(Q).
In consequence o; and g are equimeasurable functions. If [ is any u-measurable subset of
[0,b), then g~1(I) = I is a u-measurable set. From (Bennet and Sharpley 1988, Lemma 7.3),
or *(1)is u-measurable and p(az (D) = u(g=*(1)) = p(D). The proof is complete.
Let f € A, . By redefining f, if necessary, on a set of u-measure zero , we may assume that

|fland f* have the same non-null range, say R( f). For Q € R(f), we consider Cf(Q) :=
(0<x<alf(x)|=0}and [;(Q) = {e > (14 2€) = Q}. So,

U (Cf(ﬂ)) =uU (If(ﬂ)) < o0, By Lemma 2.3, the function aq: Cr(Q) - Ir(Q)

defined byoq(x) = ur(Q) + 1 (Cf(ﬂ)) N [0, x]is an m.p.t. Thus, the function

07 (x) = 00 (x) (x € cf(n)) (2.2)

is an m.p.t. from supp (f) onto supp(f*).
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Remark 2.4 Given f € A, 4 We can write
or () = ur(IfF D + ul{y: If I = If(x)]and y < x}).
If u(supp(f)) < oo, then oy is an m.p.t. from[0,a) into [0,a).
Lemma25Letf,h € A,gand letQ > 0. If p (Cf(ﬂ)) = 0, then u is acontinuous function at
Qand limy _5¢ .0 frrn(1-26)(Q) = up(Q).
Proof. Since u; is a right continuous function, it is sufficient to show that
limy_pc0- ur(1 —2€) = ur(Q). Let((1 — 2€),),be a sequence such that
0<(1—-2¢), TQandC, = {y:|f)| > 1 —2€),}.
Clearly C,.+1 € Chand u(C;) < ©.As u (Cf(ﬂ)) =0, we get

[0e]

lim iy (1= 2€),) = (ﬂ cn> = w(@:1FO) = 0P = uy ().

n=1

Now we shall prove thatlim; _,c_otfin1-2¢)(Q2) = pp(Q).Let 1 — 26,0 < |1 — 2¢| < 1.

Using properties of the distribution function we obtain

trina-26) () = Urin@-2e) ((1 -1 26|) Q+[1- 2€|Q>
|1 — 2¢]|
Sllf((l—ﬂll—ZEl)Q)-F Un mﬂ (23)

< i .
andup (@) < lim pripa-2e) (Q)

T=g) o

|1-2¢€|

In addition,lim, _se—o 1/ ((1 - JT—2€) Q) = 1, ().

So (2.3) implies that 1_152an Krina-2¢) (Q) < pup(Q).

Since h € A, 5 we havelim;_,._,q iy (

The proof is complete.

Remark 2.6 Let f € A,y and Q > 0. Clearly u({y: |f(y)Xc—(m(y)| = Q}) =0, where 4 =
f
[0,a)- A. Thus, Lemma 2.5 implies that ¢, is continuous at Q.
Cr(Q)

Lemma2.7 Let f,h€ A,y .IfQ>0andx € C(Q),

then lim Hr+(-20mxg (1f () + (1 = 2e)h(0)]) = pr(Q).
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Proof. It is enough to operate on decreasing sequence (1 — 2¢),,, which we denote by(1 — 2¢),, {

0 .Sincelim |f(x) + (1 — 2¢€),h(x)| VA~26n _ 5 and f,h€ A,g,then
n—>0o

(1-26)p
Ja=2e.,
lim (If(X) +(1= 200,000 %) = 0. 24)

In fact, (2.4) is obvious if & < oo. For a = o, (2.4) follows from our assumptionfoww(l +
2e€)du(1 + 2€) = oo. Using properties of the distribution function we obtain,
.u(f+(1—26)nh))(m(|f(x) + (1 = 2€),h(x)])

< e (PG + (1= 200,001 (1 - VT = 26),))

(1 - Ze)n)

+ Hn (1-2¢),

(If(x) + (1= 2e)n,h(x)|

Xer@
So, (2.4) implies that
T 4+1-26)mity (F GO + (1= 26,k (0D <y (@), (2.5)
On the other hand, as shown in (Bennet and Sharpley 1988), it is known that
e (Q) = ﬂf;{m(ﬂ) < lim .uU+(1—26)nh)XW(|f(x) + (1 = 2€),h(0)D. (2.6)

From (2.5) and (2.6) the proof follows immediately.
Lemma28Letf,h€ A,y IfQ>0andx € C(Q),

Then
im e ({y € G@:1fG) + (1= 20h()] = If @) + (1 - 20h()| and y < x}) = 0.
Proof. Let(1 — 2¢),, 1 0,C,, ==
{y € G@:1f ) + (1 = 26),h()| = If () + (1 — 26),h(x)| and y < x}
and D,, = {y € G;(@) : I G- GOl < (1 = 26, (IR + |A(x))and y < x}
Clearly ¢, € D,, c [0,x],Dp4q € Dpand Ny=y D, = @
Then 0 < lim u(Cy) < lim u(Dy) = p(Ny=1 Dp) = 0.
Lemma29Letf,h € A,q. IfQ >0 andx € C(Q), then
lim | u({y € Cr(): 1f () + (1 = 20)h(N| > If () + (1 = 2)h(0)1})

= u({y € C;(): (1 - 26)g(f (Mh() > (1 = 26) g (f (x)h(x)}).
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Proof. Let (1 — 2¢),, 1 0,

Ry = {y € G (W:1f(y) + (1 = 26),h(Y] > |f (x) + (1 = 2€),h(x)] and [ (y)]

= %}

(1= 26)n = {y € G(@: If ) + (1 = 2)uh()] > If (x) + (1 — 2€),h(x)] and|h(y)| >

Q
(1-26)n

R={y € (;(): (1 - 2)g(f(MA(Y) > (1 = 26)g(f (Dh(x)}.
As (1= 26)2) < in () limnos (L = 26)5) = 0.
Then, it will be sufficient to prove that
lim,, o u(R,) = u(R)Let N € N be such that if n > N,
fG) + (1 = 2),h(0)] = @ + (1 = 2€), (1 — 2€)g (f () h(x).

Then, forn > N,R, c R.Infact, ify € R,,, |h(y)| < 25

} and

. Therefore,
If) + (1= 26),h(N] = Q + (1 = 26),(1 = 26) g (f () h(¥). (2.7)
So,
QO+ (1-26),(1-28)g(fM)h() = If ) + (1 = 26),h(M)] > |f (x) + (1 = 2€),,h(x)]
=Q+ (1-26),(1-26)g(f(x))h(x)
and consequently (1 — 2&)g(f(»)h(y) > (1 — 26) g(f (x) ) h(x).
Foralln > N,R = R,  {y: |h(y)| >

Q
(1—26)n}'

Q
(1-26)p '

If() + (1 —26),h()| = Q+ (1 - 26),(1 - 26)g(f(M)h(y) > 0+ (1 - 26),(1 -
26)g(f())h(x) = |f(x) + (1 — 2€),h(x)], which is a contradiction.

On the contrary, lety € R — R,, be with |h(y)| <

From (2.7) we have

Since u(R — R,,) < uy, ( ) we have

lim u(Ry) = pu(R). (2.8)
Lemma2.10 Let f,h € A, 4. 1f Q> 0and x € C;(Q), then
lim  u({y € G@:1f () + (1 = 20)h()] = If () + (1 — 2€)h(x)| and y < x})

= u({y € ¢:(@): (1 = 26)g(f W) (¥) = (1 = 2€)g(f () )h(x) and y < x}).

Q
(1-26)n
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Proof. Let(1 — 2¢),, 1 0,

Ry = {y € Cr(W:1f () + (1 =26, h(M) = If () + (1 = 2€),h(x) ], A ()]

< _ <
< (1_26)nandy_x},

(1= 260, = {y € GO IFO) + (1 = 20,k = IF () + (1 = 26,k @), R )]

— <
> (1_26)nandy_x}

and R := {y € C;(Q): (1 - 26)g(f (M) = (1 — 26)g(f (x)h(x) and y < x }.
Now,the proof follows in the same way as in Lemma 2.9
Theorem2.11 Let f,h € A,g and let 7 ,be defined by (1.2).
(a) If x € supp(f), limy g+ Opnca—2e)(X) = T ()
(x).
Proof. (a) Let x € supp(f)and define Q = |f(x)|. We observe that for all sufficiently small 1 —

(b)If x € supp(h) — supp(f),lim;_. o+ Uf+h(1—26)(x) = llf(O) + Un

supp (h)-supp(f)

2€,x € supp(f + h(1 — 2€)). Hence, we get

T(ran-20) ) = K(panti-20)e (F ) + (1= 200D + e ({y € G@: 17 ) + (1 -

26)h()] = If () + (1 - 2)h()land y < x}) + u({y € C(Q): If &) + (1 = 2)h(y)| >
If(x) + (1 =26)h()I}) + u({y € C;(O:If(») + (1 = 26)h(W)| = |f(x) + (1 —
2€)h(x)| and y < x}). Therefore, Lemmas 2.7 - 2.10 imply ( a).

(b) Let x € supp(h) —supp(f). Suppose u supp(f) < o.

Forall e > 21 ,X € supp(f + (1 — 2¢€)h).Then ,we have

0 +(1-20n(x) = u({y € supp(f): [f(y) + (1 — 2e)h(y)| > (1 — 2e)|R(x)|})

+ u({y € supp(f):If(y) + (1 = 2e)h(y)| = (1 — 2¢)|h(x)|and y < x})
+ oy (). (2.9)

According to Lemma 2.8 the second term of (2.9) tends to zero. We only need to prove that the

supp(h)-supp(f)

first term tends tou,(0).
Ri—2¢) = {y € supp(f): If (¥) + (1 = 2e)h(y)| > (1 — 2e) |h(x)[},
T—2¢) = {y € supp(f) : [f () = (1 = 2e)(|h(Y)| + [R(x) )}

Sincelim; _,._,o+ #(T1_5) = 0 and
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supp(f) — Ri—2¢ € Ty—26, (2.10)
then lim; _, .o+ u(R1—2¢) = u(supp(f)) = us(0).
Now, suppose that u(supp(f)) = « .Given M > 0, we can choose (1 — 2€); such that
ur(1(1 = 26);1 (1) > M and p (Cr(I(1 = 2€);: (D) = 0.
Then by Lemma 2.5 we obtain
limy e tpsa-zon(I(1 = 261D = (11— 26)A DM . Thus, prr—zen(I(1 -
2¢),h(x)|) > M for all sufficiently small (1 — 2¢).
It follows that M < pieip(1-2¢)(1(1 — 2€) h(x)]), for all sufficiently small (1 — 2¢).
Finally, as psypn—26)(|(1 = 26)h(x)]) < 0f1n(1-2¢)(x), the proof of ( b) is complete.
Definition 2.12 Let f,h € A, ¢.We define

— Tf ,h(x)if x € supp(f)’
Pra(¥) = {:“f(o) + on (x) if x € supp(h) — supp(f)

Example 2.13 Let f,h € A, ¢.If (supp(f)) < o,

supp (h)-supp(f)

then ps , is m.p.t. from supp(f) U supp(h)onto[ 0, usupp(f) U supp(h))) such that |f]| =
f"oprpu-ae. on supp(f) U supp(h).Let f,h € A,q4 and let (1 — 2¢e) be non- zero real

number. We denote

F(1-2¢) = (b('“h(ll__zzezl_mm).The next result is one of the main theorems of this section.

Theorem 2.14 Let ,h € A, 4 .Then
Yoo 1) =

[ oo trna - 209 due + 04.(0) w(ppn)lkl dit, (211)
supp(f) supp(h)-supp(f)

where@’, (0)is the right derivative of @ at 0. In (2.11) , we write w(o) = 0.

Proof. Assume that u (supp(f)) < oo .Lete > % Clearly

Puo(f +h(1—26) = W(0fin1-20)0 (If + h(1 = 26)|) du
supp(f+h(1-26))

and by Example 2.13 we have

Guo(f) = f o(psn) OUFD du

supp(f) U supp(h)
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AS(a)(pf'h))* = win [0, u(supp(f) U supp(h))), by the Hardy-Littlewood inequality (Bennet
and Sharpley 1988)

| (ppr) BUf +h(1 - 26)]) du
supp(f) U supp(h)

< faw(1 +2¢€) 0 ((f +h(1-26) (1+ 26)) d(1+ 2e).

In consequence , we get

=/
w(o —20)0(f + h(1 = 2€)|) du
1- 26( supp(f+h(1-2¢)) ( JrhQ-2 )) 4

—f w(psn)® (If +h(1—26)]) du) > 0.
supp(f) U supp(h)
Therefore
Qow,w(f + h(l - 26)) - §0w,(z)(f)
1— 2¢
> j w(prn)F (1 —2€) du+ P(1—2e), (2.12)
supp(f)

dlh(1-2€)|
where P(1 — 2¢) = fsupp(h)— supp(f) (U(,Df,h) 1-2¢ ap.

Analogously with( f + h(1 — 2¢)) instead of f,we get the inequality

(pw,@(f + h(l - 26)) - ¢w,®(f)
1-—2e

<

j w(0r4n1-20)F (1 —26) du+ Q(1 —2¢), (2.13)
supp(f+h(1-2€))nsupp(f)

glh(1-26)|
where Q(1 = 2€) = [ o supp(r) @(r+ha-20) 55— @

Let% < e < 0.Since @ is a convex function, we have @' (1 + 2¢)1 + 2e < (23(2(1 + 26)) for all
€= _71 In addition, the mean value Theorem implies that

|F(1 —2e)| < @' (max{|f + h(1 — 2€)|, IfIDIAl.

Therefore |w ((pf‘h)) F(1-— 2€)| < w(prn)0(20f] + |RD).
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Also,for all sufficiently small (1 — 2¢),e > %,from the proof of Theorem 2.11 we obtain ps ), <
I(+n-26))50 |@(0rsn(1-26)) F(1 = 26)| < w(psn)B(2(If | + |RD) for all sufficiently small

(1-2€),€> . Clearly,

f 0 (072)0 (2(f1 + hD))du < f © O2(If] + IR + 26) < oo,
supp(f)

0

then, from Theorem 2.11 and the Lebesgue Convergence Theorem we get

imy, [ alop)F-20du= | a(ps)0 UFDQ - 200g(Dhdn (214)
172620 Jsupp(f) supp(f)
and
lim w(o —2e))F(1 —2¢) du
1-2e-07 supp(f+h(1-2¢€))nsupp(f) ( frn@ 26))
= (o) AFDQ - 209 (PR (2.15)
supp(f)

If (supp(h) — supp(f) = 0,then P(1 —2¢) = 0and Q(1 — 2¢) = 0. So, (2.11) holds.

Otherwise, for all sufficiently small (1 — 2¢), € > %

P(|n(1 - 2¢)|)
0(prn) =75 = © (Onsuppny-suppcry ) @1 ADON sUPP(R) — supp(f).
Since
f @ (Ghsupp(h)—suppm) B < pup(h) <o, (2.16)
supp(h)—supp(f)
the Lebesgue Convergence Theorem implies that
lim P(1-2¢) = @, (0) w(prn)lhldu. (2.17)
12620 supp(h)—supp(f)
On the other hand ,
P(|h(1 - 2€)|)

lim  w(0pin-2¢)) = 0,(0) (ps ) hlonsupp(h) — supp(f)

1-2e-07t

1-—2e
and for all sufficiently small (1 — 2¢) ,e > % (2.9) implies

o(lh(1 - 26)])
(07 +n(1-20) =750 = @ (Onauppr-suppir) @URDON suPP(R) = supp(f). (2.18)

According to (2.16) and the Lebesgue Convergence Theorem ,

lim  Q(1—2e) = ¢ (0) w (psp) Rldp. (2.19)
1-2e-0 supp(h)—supp(f)
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Therefore, (2.14), ( 2.15), (2.17) and (2.19) imply (2.11) .
Now assume that 4 (supp(f)) = oo .Similarly, to the proof of (2.12) and(2.13) ,we can obtain

Poo(f + 71 —26)) = 9up(f) _
1-— 2¢ -

f w(psn)F(1—2€)du <
supp(f)

f w(prn)F(1—26)du+Q(1—26). (2.20)
supp(f+h(1-2¢€))nsupp(f)

Proceeding as before, we get (2.14) and (2.15).
If u(supp(h) — supp(f) =0,Q(1 —2¢) = 0and (2.11) is true.
In opposite case,

@(lh(1-2€)]) _
1-2¢

From (2.16),(2.18) and the Lebesgue Convergence Theorem,
lim; _,.,o+ Q(1 —2¢) = 0.

The proof is complete. In the next theorem, we obtain the one-sided Gateaux derivative of the

limy_ye 0+ W(Uf+h(1—26)) 0.

Lebesgue norm in terms of the one-sided Gateaux derivative of the functional ¢, 4.
Theorem2.15Letf,h € A,y ,f # 0 .Then

. f
Youo (||f||w,¢ h )

Y+ ( f f >
P2 \IIfllwe” I1fllwo

Proof. If h = 0, (2.21) is obvious. Now suppose that h # 0.

Vo O B) = (2.21)

Forall (1—-2¢),0< 1—-2¢e< W we denote
w,D
r+hG-201 \_( Ifl
®(||f+h(1—ze)||w,¢) Q(Ilfllw_@)

K(1—2¢) = and G(1 — 2¢) = ¢w’®< If +h(1-2¢)| )

1-2€ If+h(1-26)llw,p

First, we assume that u(supp(f)) <co and we consider

Q( |h(1-26)| )

_ If+h(1-20)l 40
P(1-2e) = fswp(h)—supp(f) w(pf'h) 1-2¢ dpand

(z)( lh(1-26)| >
If+h(1=26)l¢,0
du

et -209= | (0 sn1-20) — L

supp(h)—supp(f)

Proceeding analogously to the proof of Theorem 2.14, we can obtain
G(1—-2¢)—-G(0) -
1-—2¢ o

J w (prn)K(1—26)du+ P(1—2€) <
supp(f)
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f @ (07 4+n(1-26))K(1 — 2€)dp + Q(1 — 26), (2.22)
supp(f+h(1-2€))nsupp(f)

Let0 < 1 —2¢ < min{1,M}.
21l

Sl w,0
1-26)l gl fllw,p

. If+h(-20)] __If] -
to the expressmn”f+h(1_26)”w T and applying

Adding and subtracting||f+h(

the triangular inequality we obtain

f +h-20]  If]
If + (- 20wo  fllwg

2(1—26)M
< ( €)
1f 1l o0

(1f1+ [RD),

whereM =1+ ::;::‘*"o.ln consequence, the Main Value Theorem implies that
w,®
' |f+h(1-26€)| If1
K(1— 26)] < ? (max{llf+h(1—26)llw,o' ||f||w.o}> f+h(1=29  Ifl
- 1-2¢ If + h(1 =26)llwe lIfllwe

(Ilfllw(lfl”hl))llfllw (fl+IrD <0 (Ilfllw (|f|+|h|))

From the Lebesgue Convergence Theorem, we can show that

lim w (prp)K(1 — 2€)du
1-2620% Jsupp(s) (by2)
= lim w (o, _20))K(1 = 2€)du
1-2e-0% supp(F+h(1-26))nsupp() (f+h(1 26))
supp) 7 \IIfllwg F 1w
|f]
— iz Vil (B | du (2.23)
WfNZ g e
and
|h
lim P(l —2¢€) = lirn Q(1—2¢) =0,(0) 2.24
1-ze-07 —2e-07 * supp(h)—supp(f) (pfh) ”f”w ( )

Thus, from (2.22) -(2.24), we have
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G(1—-2e)—-G(0)

1—zlen—1>0+ 1-—2¢
— Id
= 0,(0) w(prn) jo—du
supp(h)—supp(f) ”f”w,(z)
|f ) (1-2e)g(f)h
+ o'
fsuppm“’ (pra) (ufnm T
——lle Vit o 1) | du. (2.25)
NFIE, g " P

Since @ ¢ (ﬁ) = 1forany g € 4, ¢ — {0}(see Kaminska 1990) we have
G(1—2¢) =1

for0 <1-2e< %.Therefore, from (2.25) and Theorem 2.14, we get (2.21) .
w,®

The case u(supp(f)) = oo follows in a similar way without using P(1 — 2¢) and after proving
that
lim; _,.,o+ Q(1 —2€) = 0.

3. characterization of smooth points for the Luxemburg norm

We let X be a Banach space and let T: X —» R* be a convex functional. The following example
shows that the set of smooth points of the functional T, in general, is not equal to the set of smooth
points of the Minkowski functional of{ f € X:T(f) < 1}(Levis and Cuenya, 2007).

Example 3.1 In a Hilbert space X define the continuous convex function

(A i N> 1,
T(f)_{ 1 if |Ifll <1

It is not Gateaux differentiable at any point f of norm |, but the Minkowski functional of { f €
X:T(f) < 1}. (which is the closed unit ball) is just thenorm, which is infinitely Gateaux

differentiable everywhere except at the origin. We consider the sets
EP = {f € Aup —{0}:u{lfl =1—2€} =0 foranye > %}and
A*?:= 2P n{f € Ayp:u{f =0} =0 onpus(0) = }.
In (Levis and Cuenya 2004), we have proved that f € A, 4is asmooth point of ¢, 4 if f €
EXP(f € A*?)when @', (0) = 0(@%(0) > 0).
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It is well-known that if X is a Banach space and T: X — R is a convex functional then forall f, h €
X, y7 (f, h)andy; (f, h)always exist and the equality
v#(f,h) = —y7(f,—h) holds (Pinkus, 1989), we showed a relation between the one-sided

Gateaux derivative for the functional ¢, 4 and the one-sided Gateaux derivative for the Luxemburg

f

is a smooth
[1£ 1,0

norm. Consequently, f is a smooth point of the Luxemburg norm if and only if

point for ¢, ¢ .The next theorm follows immediately.

Theorem 3.2 The set of smooth points for the Luxemburg norm is

£2P(A9)ifg’, (0) = 0(@%(0) > 0).

Remark 3.3 It is well-known that £2? and A®? are dense sets in the 4,4 because the points of

Gateaux- differentiability of the norm in a separable space always from a dense set (Phelps, 1989).

4.Characterization of best approximants
We characterize the set of best approximants from convex closed sets using the one-sided Gateaux

derivative. Moreover, we establish a relation between the best ¢, 4 -approximants and best
approximants from a convex set. Let f,h € A, ¢.We denote by

Ay = {o:supp(f) = supp(f*):oism.p.t.and |f| = f* o 0o,u —a.e.onsupp(f)}

and

Trn = —04(0) o (pgn) Rldu. (4.1)
supp(h)—-supp(f)

In (4.1), we write w() = 0.

Theorem4.1 Let K c A, 4 be aconvex closed set, let f,h € A,y — K

and let h* € K. Then the following statements are equivalent:

(@ h ePR,, ,(f.K);

) Soupnrony @(Or-nne—n)® (f = DA = 26)g (f = )k = h)dp >
T¢_pe pe—pforall h € K;

© 30 Luppgyony @ @F1f = WD =209 = KO = ki 2

Tf—h',h'—h forallh € K.

In addition, if Ty_p- -_p=o,these statements imply

D@ue(f —h) < [ w1+ 268 ((f —h)* (1 +26))(f — h)*(1 + 2€)d(1 + 2€)
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forall h € K.
Proof. The implication (b) = (c) is obvious.

(a)e(b). This is an immediate consequence of Theorem 2.14 and (Pinkus 1989, Theorem 1.6),

because this theorem still holds if we replace the norm||-|| by the functionalg,, ¢.
(c)=(b). Let h€ K and 0 € A;_- .Taking o,f — h* and h* — h instead of psp, f and h
respectively in (2.12) or (2.20) we have

[ @0 - KDA - 2090 = K = Wt = Ty e <
supp(f—h*)

Yo o(f —h)(h" —h).
By hypothesis and Theorem 2.14, we get

o< sw | © @0 (f — KD = 26)g(f — k)" = B)dpt — Tr—pepeon
0€Af_p* Jsupp(f-h*)

< YJw‘w(f —h',h* —h)
=f @(pr—npe—n)® (If = h* DA = 26)g(f — h*)(h* = R)dp — Ty_p+ .
supp(f—h*)

(b)=>(d) .AssumeTs_p: p-—p, = 0 and let h € K .Since for all € > _71
(14 2¢) < @'(1+ 2¢€)1+ 2¢, then by hypothesis and the Hardy-Littlewood inequality we

have

%wq—hosj © (05— pe—n)0'(If = R*DIf — h|du

supp(f-h*)
<[ (o) Uf = DA = 2090 = R = Wi
supp(f—-h*)
According to (Bennet and Sharpley 1988, Proposition7.2)
W(pronn—n)® (f =) ~ w®' ((f — "))

and w®'((f — h*)*)is anon-increasing function. So,

Poo(f —h) < f w®'((f —h)*(1+26)) (f —h)*(1 + 26)d(1 + 2¢).
0
The following example shows, that the implication (d)=(a) of Theorem 4.1 is not true in general.

Example 4.2 Let @ = 1. We consider
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-1
(1+2€) _ .
e 2(1 + e)if <e<0,
¢(1+2¢) = ( ) 2

e—1
(e —2)(1 4 2€)e—z if € > 0.
K=1{he Aypihis constant}and f = X0 1)
'2

It is easy to see that

Pue(f) = (e —2) [Zw(1+2€)d(1 + 2e).
On the other hand, for h € K and _71 > €e> _Tl

we have(f — h)*(1 + 2¢) = % .Thus, forall h € K,

[ w(1+26)¢" (f*(1+26)(f — B (1 + 2€)d(1 + 2¢€) > %lféwu +26)d(1 +

2¢€).Consequently, (d) is true forh® = 0. However, Py, s (f,K) = {%}

Nevertheless, we show in the next theorem that (d)=(a) holds when
d(1+2¢e) = (1 + 2e)re,
Theorem 4.3 Let K < L, 1+¢) be a convex closed set, let 0 < € < oo,

let f € Liw1+e) — K and let h* € K.Then, the following statements are equivalent:
@ R EP oK)

® =R < o +26) ((f =) A+20) (F - A+ 20)d(1 +
2¢)forall h € K.

Proof. If e = 0, this is obvious. Assume that 0 < € < o . (a)=(b) is an immediate consequence

of Theorem 4.1.

(b)—( a) .Let (1 +¢€) and (1 — €) be conjugate numbers and let h € K.From hypothesis and

Holder inequality, we get

(w,1+€) =

If — |89 | < Jawu +26) ((f = h*)* (1 +26))(f = h)*(1 + 2€)d(1 + 2¢)
0

= jawm +20)7= ((f =h) (1+26) w(1+ 26T (f — h)*(1 + 2€)d(1
0

+26) < If = ' l{w1+0llf — hllw1+e.
So, the proof is complete. Next, we establish a relation between the best ¢, -approximants and
best approximants from a convex set K.

Theorem4.4 Letf,€ A,gand K c A, 4 be convex set such that
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. . .e h' f K
8 = Ejj,,(f, K) > 0.Then,h* € Py, (f, K)ifand only if =€ P, | (E’E)'

Proof. It follows immediately from (Pinkus1989, Theorem 1.6 and Theorem 2.15).
Remark 4.5 Theorem 4.4 is known for arbitrary sets K in modular space (see Kilmer and
Kozlowski 1990).

Henceforth, we consider & < o,K := {g € A, 4: g is constant}and
f € Ayp.Clearly,P, (f, k)is a nonempty and compact interval. We denote
f=minP, (f, k)andf = max Py, (f k).
As a direct consequence of (Pinkus,1989, Theorem 1.6) we have that c € P, ,(f, k) if and only
if

Youo(f —¢, 1) = 0andyg (c—f,1)=0. (4.2)
The next characterization of best constant ¢, 4 -approximants of f follows from (4.2) and

Theorem 2.14.
Theorem 4.6 Let f,€ Ay, . Then c € B,  (f, k) if and only if the following statements hold:

@J;0e @ (r-c1)0'(f = OV = [,_ 0 (pr—c1)®'(c — Fdu

and

O) o @ (Pe-pa)@'(c = ldu 2 [, @ (pe-r1)0'(f — .

We write, @'(0) := @/, (0) .According to Theorem 4.4 and 4.6, we obtain the following

characterization of best constant approximants:

Corollary 4.7 Let f € A,1+¢) — K-Then ¢ € Py ,(f, k)if and only if the following statements
hold:

(a)ffzcw(pf-c,l)W( = )dﬂsz<cw(pf-c,1)¢’< i )duand

If—cllw,e lle=Fllw,o
I c—f I f-c
(b)ffsc w (pc—f,l)@ (”C_f“w,(b> d‘Ll = ff>C w (pC—f,l)® (”f_C”w_Q)) d.u

Now our purpose is to give away to construct the best ¢, g-approximants f and f.

We begin with three lemmas.

Lemma 4.8 If ¢ < dthenforall 0 < x < a we have

@ty (F) = ) < pr_a(FOO) — D if f(0) > d

and
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O)ps—a(d — F(0)) < pp_c(c — fFR))if f(x) <c.
Proof. (a) Suppose f(x) = d, clearly,
py:2d — f(x) < f) < f)D < uly:2c — f(x) < f() < FOD).

Therefore,

ply: If ) —dl < f(x) —db) <u{y: If ) —cl < f(x) = c})
and consequently (a) holds.

(b). Now suppose that (x) < c . Clearly
py:lf —clsc—fD sul{y:If ) —dl <d - f(0))
and thus (b) is true.
Lemma 4.9 If ¢ < d then for 0 < x < a we have:
(@) pr-c1(x) < pr_g1(x)if f(x) = dand
(00741 (x) < prca () if F(x) <c.
Proof. (a). Suppose f( x) > d. Since f( x) > c, from Lemma 4.8 we get
Pr-a1(x) = pra(f () —d) + u({y: f(¥) = f(x)and y < x})
2 pr-c(f() =) + u{y: f(y) = f(and y < x}) = pr_c1 (%)
Now suppose that f(x) = d.
As

tr—c(d —c) < pp_q(0) and x € supp(f — c),then pr_. 1 (x)
= pr-c(d =) +u({y: f(y) =dand y < x})
< pr-a(0) + u({y: f(y) =dandy < x}) = ps_q1(%).
(b). Assume f(x) < c. Since
r-a(d = f)) +uy: fFO) —d =d ~ fON < pr_c(c — (),
we haveps_q1(x) < pr_c(c = F()) + u{y: f) = f(x) andy < x 1) < p_c1 (%).
Lemma4.10 Let f € Ay 14¢) - Ifc < d,then
@Ye,,(f —d, 1) <vg,,(f — ¢, Dand
0 v, —f D)<y, d-f 1.
Proof. (a) We will show that
Youof =& 1D <vg,,(f —c Difc < d.
We define
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<u

P(w) = ff © (pr—u1)?' (f = w)dp and Q(u) = ]f © (pr-u1)®’ (u — fdp.

Clearly
Youof —w 1) =P) — Qw).
It will be sufficient to prove that P is a non-increasing function and Q is a non-decreasing function.

Since w is non-increasing @ is a non-decreasing and

:f)zd}c{y:fly) >c},

then from Lemma 4.9 (a) we have

P(d) < f w(pf_c,l) @' (f —c)du < P(c).

f>c

Similarly, from Lemma 4.9 (b),

0(0) < f 0(pr-a1)9'(d - Pdp = Q(d).

f<d
(b). Replacing in (a),f, c and d by - f, —d and—c respectively, we obtain (b).
Theorem 4.11 Let f € A, 14¢). Then
f= max{c:yg, ,(f — ¢, 1) = 0Jandf = min{c:yg, (c - f,1) = 0}.
Proof. Suppose that there exists ¢, ¢ > f, such that
Vouof —¢, 1) 2 0. (4.3)

By Lemma 4.10,

Vauwo—f D 2v3,,(f~f,1) 20 (44)
Then, (4.2)-(4.4) imply that c € B, ,(f, k), a contradiction.Thus,
f= max{c:ygwm(f —¢,1) >0}

Similarly, we can see thatf = min{c:y,,  (c — f,1) = 0} (Levis and Cuenya 2007).
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Conclusion

By Letting A,, ¢ be the Orlicz-Lorentz space. We study Gateaux differentiability of the functional
Puo(f) = f0°° @(f*)wand of the Luxemburg norm. More precisely, we obtain the one-sided
Gateaux derivatives in both cases and we characterize those points where the Gateaux derivative
of norm exists. We give a characterization of best ¢, s-approximants from convex closed subsets
and we establish a relation between bestgp,, s-approximants and best approximants from a convex
set. A characterization of best constant

@ g-approximants and the algorithm to construct the best constant for maximum and minimum

@ g-approximants are given.
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Abstract

The purpose of this paper is finding rules to know whether any number is divisible by some primes
(7,13,17,19, 23, 29), so that we use divisibility test and concept of congruence relation in numbers
theory. The conclusion of the study arrived that we can know that any natural number is divisible
by any prime without doing division.
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Divisibility Test of Numbers by Some Prime Ones (7, 13, 17, 19, 23, 29)

Introduction

Number theory contains the concept of congruence which considered other expression of division.
Divisibility test of numbers by some prime (7, 13, 17, 19, 23, 29) has rules which used to check
whether any positive integer is divided by these prime numbers. Applying the methods adding or
subtracting, the case may be from the remaining truncated number is divisible by the given number.
While carrying the process either during addition or subtraction any time the last digit is zero,
which has to be ignored. Addition or subtraction check out the divisibility rule of some other
numbers.

Basic concepts

Divisibility Test

Any integer a is said to be divisible by any integer b if there exist an integer c such thata =b c
(b+0) in symbols we wrote b | a, read (b divided a) or a is divisible by b, if b does not divide a we
wrote write bt a.

Theorem (2-1)

Ifa, b, c, kand Kk are integers, then

(ala @i1]a (ii)alo0
(ivialbablc=alc (vVJalj]b=albc (vija|babla=b==*a
Proof

(i) a=a.1=aja

(ia=1l.a=1|a
(iij0=a.0=>a|0 (a=0)
(ivialb=b=ak (1)
blc=c=bK (2

from (1) and (2) we find

c=ak R:M::a(k R):>a|c
(valb=b=ak (3)
multiply both sides of (3) by ¢

bc = akc=Dbc=(kc)=albc
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(vija|b=b=ak (4)
bla=a=b K(5)
from (4) and (5) we findb=b (K k)= k K =1k=+1
b=+t a
Definition (2-2)
The integer p those divisors 1 and p is called prime number.
The set of prime numbers is {2, 3, 5,7, ...}.
Definition (2-3)
If a > 1 is not prime number, then a is called composite.
Theorem (2-4)
If pisaprime numberandp|mnthenp|morp]|n.
Proof
Ifptmthen(p,m)=1=px+my=1 (6)
X,y ez
multiply both sides of (6) by n
npx+nmy=n (7)
sincep|mn=mn=pk (8)
from (7) and (8) we find
npx +pky=n=n=p((hx+ky)=p|n
Similarly:
p 1 n then (p, n) = 1 and with the same steps we find p | m
Theorem (2-5)
Every n > 1 has at least one prime divisor.
Proof
Suppose d is a least positive integer divides n where d > 1, if d is a prime the condition satisfied. If
d is not prime, let d = d1 d> where 1<d;<d and since d>1 is divides n, which contradiction that d is

a least prime divisor of n.
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The concept of congruence
Definition (2-6)

Let n is a positive integer. Then as integer a congruent to an integer b modulo n if n | (a-b) in

symbols, we write a=b (mod n).

Theorem (2-7)

a=b(modn)ifandonlyifa=b+nk,k € z.

Proof:

a=b(modn)=n|(@a-b)=a-b=nk=a=b+nk

conversely

ifa=b+nk=a-b=nk=n|(a—b)sothata=b (mod n).

Theorem (2-8)

If nis a positive integer a, b, c €Z
(i) a=a (mod n) (Reflexive property)
(i) a=b (mod n), b=a(mod n) (Symmetric property)
(ii)a=b (mod n), b =c (mod n), b =c (mod n) (Transitive property)

(The congruence relaltion is an equivalence)

Proof

(la=a(modn)=n|(a—a)=n|0

sincen|0=n|(a—a) = a=a(mod n)

(ia=b(modn)=n|(a—b) =>a-b=nk kezZ

—(b—-a)nk=b-a=n(k)n|(a—b) =b=a(modn)

(iii)a=b (modn) =>a-b=nk k ez 9)

b=c(modn)=b-c=nk,kez (10)
add (9) + (10)

a-c=n(k+ E):n|(a—c):>a:c(modn)

congruence relation is (reflexive, symmetric, transitive). So that it's equivalence relation).

Theorem (2-9)

a=b (mod n) if and only if a and b have the same reminder when divided by n.
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Proof
a=b(modn)=a-b=a=b+nk, keZ
Form division algorithmb=nq+r 0=<r<b
a=b+nk=nqg+r+nk=n(q+k)+r
therefore, a, b has the same reminder r when divided by n.
-conversely suppose both a and b have same remainder r when divided
From division algorithm
a=nq+r (11)
b=n(q +r (12)
subtract (11) — (12)
a=b=ng-n{ =n(@-q)=n|@-b)
a=b (mod n).
Divisibility Test for (7, 13, 17)

Divisibility Test for 7
- Double the last digit of the number.
- Subtract it form the rest of the number.
- Repeat these two steps to find one- or two-digits’ number and check it, to see if divisible
by 7.

Example (3-1)
Check whether the number 24521 is divisible by 7.
Solution:

24521
2

2450
0

245
10

14

Since 7 | 14 =7 | 24521
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Other solution
Multiply digits of number beginning form the last digit by 1, 3, 2, 6, 4 and 5 respectively and find
the sum to check it, if is divisible by 7.
I1x1+3x2+2x5+6x4+4x2=1+6+10+24+8=49
Since 7|49 = 724521
Divisibility Test for 13

- Multiple the last digit of the number by 4.

- Add it to the rest of the number.

- Repeat these two steps to find two digits’ number and check it, to see whether the number

is divisible by 13.

Example (3-2)
Prove that the number 957657 is divisible by 13.
Solution
957657
28

95793
12

9591
4

963
12

108
32

42

13|42 = 13 | 957657
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Example (3-3)
Check whether the number 395165 is divisible by 13.
Solution

395265
20

39546
24

3978

32

429
36

78
Since 13 | 78=13 | 395265
Divisibility Test for 17
- Multiple the last digit of the number by 5.
- Subtract it form the rest of the number.

- Repeat these two steps to find two digits’ number and check it, to see whether the number

is divisible by 17.

Example (3-4)
If the number 123352 is divisible by 17.
Solution

123352
10

12325

25

1207
35

85
Since 17 | 85=17 | 123352
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Divisibility Test for (19, 23, 29)

Divisibility Test for 19
- Double the last digit of the number.
- Add it to the rest of the number.
- Repeat these two steps to find two digits’ number and check it, to see if divisible by 7.

Example (4-1)
Prove that the number 955719 is divisible by 19 without doing division.

Solution:
955719
18

95589
18

9576
12

969

18

114
8

19
19| 19=>19 | 955719

i.  Divisibility Test for 23
- Multiply the last digit of the number by 7.
- Add it to the rest of the number.
- Repeat these two steps to find two digits’ number and check it, to see whether the number

is divisible by 23.
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Example (4-2)
Check whether the number 74635 is divisible by 23.
Solution:
74635
35
7498
56
805
35
115
35
46
Since 23 | 46 = 23| 744635
Divisibility Test for 29
- Multiply the last digit of the number by 3.
- Add it to the rest of the number.
- Repeat these two steps to find two digits’ number and check it, if divisible by 29.

Example (4-3)
If the number 93235 is divisible by 29.
Solution:
93235
15
9338
24
957
21
116
18
29

Since 29 | 29=> 29 | 93235
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Example (4-4)
Check whether the number 62557 is divisible by 29.
Solution:

62557
21
6276
18
645
15

79

Since 29 1 79 = 29 162557
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Conclusion

We reached the importance of numbers theory which it plays significant role in developing of
applied science and technology.

In summary for any prime p = 2, 5 it is possible to determine a divisibility rule that is based on a

trimming algorithm congruence relation.
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Introduction

Let H'"(Q), Q< R", be the usual Sobolev space. i.e. the completion of C;*(Q2) with the norm

1
ol = ] (VU7 +[uf” i

It is well-known that

pn

HP(Q)cL""(Q) if 1<p<n

HIP(Q)cL*(Q) if n<p
The case p=n is the limit case of these embeddings and it is known that

HIP(Q)c L'(Q) for n<g<+w

0

When Q is a bounded domain, we usually use the Drichlet norm uf | =

1
QVU|n dxﬁ in place of | - | .. . In this case we have the famous Trudinger-Moser inequality (see [11],

[4], [9]) for the limit case p =n which states that
su em‘u‘% _1 y = C(Q OC) < 400 When oc < OCn (1)
HUHDEI o T =40 when o>,

1
where «c=n @, and o, , is the measure of unit sphere in R".The Trudinger- Moser result has

n-1 1
been extended to sphere of higher order and Sobolev spaces over compact fields (see [7], [13]).
Moreover, for any bounded €, the constant ¢(€2,oc) can be attained. For the attainability, we refer

to[8], [5], [13] and (Li, 2001).

Another interesting extension of (1) is to construct Trudinger-Moser type inequalities on
unbounded domains. When n=2, this has been done in (Ruf, 2005). On the other hand, for

unbounded domain in R".
Let

il

The result in (Li and Ruf, 2000) says that
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Theorem C. For any oce (0,0, ) there is a constant C(cc) such that

[ O{HVJL'JM deC(oc)M, for ueH"R'M\o}. ()
)

ol VUl o)

We shall discuss the critical case cc = oc, . More precisely, we prove the following:

Theorem (1.1) (Adachi and Tanaka, 1999). There exists a constant d >1, such that, for any

domain QcR",

sup ng)(ocn |u|nnljdx£ d. (3)

U () ulin o

The inequality is sharp: for any oc > oc, the supremum is +oo.

We set

s= s ncl)(ocn |u|nn—1jdx.

ueh " (R Jul, 1o o)
Further, we will prove:

Theorem (1.2) (Ruf, 2005).S is attained. In other words, we can find a functionu H"”(R”),

WITH |u]| (Rn):l such that

Hl‘n
s, cp(ocn |u|nn—1jdx.

The second part of Theorem (1.2) is trivial. Given any fixed oc > oc_, we take S € (cc,,c). By (1)
we can find a positive sequence { u, } in
{u E Hé'”(Bl):jB Vu['dx =1 }

such that

lim [e”*" = +o0.

k—-+o0 JB;
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By Lion's Lemma, we getu, = 0. Then by compact embedding theorem, we may assume

”uk”LP(BI) — 0 forany p>1. Then,jRn ([Vuk|rl +|uk|n) dx —1, and

n
uk n—1 %
“UwLmJ s

When k is sufficiently large. So, we get

; Uy - ; ﬁuk"%‘ _ —
lim RncI>(oc£ ] )dxzkILerBl (e 1) dx = +co0.

o el

The first part of Theorem (1.1) and Theorem (1.2) will be proved by blow up analysis. We will use

the ideas from [14] and (Li, 2005). However, in the unbounded case we do not obtain the strong

convergence of u, in L' (R“), and so we have more techniques.
Concretely we will find positive and symmetric functions u, € H 1'”(BRk) which satisfy
IBRk (]Vuk| +|u| )dx —1
and
CD(ﬂkuk"‘]dx: sup CI)[,Bk |v|nn—1]dx.
‘[BRk J.Bnk QVV\" +v" ):1,VEH(')’" (BRk ).[BRk

Here, 5, is an increasing sequence tending to oc,, and R, is an increasing sequence tending to
+o00.

Further, u, satisfies the following equation

1
: - Louro\ B
~divjvu, " vu, +u :Qﬁk—k)

A

where A, is Lagrange multiplier.

Then, there are two possibilities. If ¢, =maxu, is bounded from above, then it is easy to see that
n n-1,.n n n-1,.n
i 2 | P Yty =l e
kILrEoJ.R”(CD(ﬂkUk j (n—l)!JdX_ J.R"[q{ock ! j (n—1)! ax,
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n
where u is the weak limit of ¢, =maxu, . It then follows that eitherj.ﬂ CD[,Bkuk”lex converges to

n n-1
J‘nq)(ocn u"lex or S< 1 _
R

(n—1)

If ¢, is not bounded, the key point of the proof is to show that
n il o

_lﬁkcliH (uk (rkx)_ Cy ) —-N Iog[l +c,! ] ,

n —

€
e

locally for a suitably chosen sequence r, ( and withc, = (%j 1 ), and that
n

1
¢ 'u, > G,

On anyQ cc R"\ {0}, where G is some Green function.

In section (5.2), we will construct a function sequence u_ such that

n
— a, . _
J‘Rn (D(ocn Unljdx> :]_1 e o At141/24+1/(n-1)

when e is sufficiently small. And also, we construct, for n> 2, a function sequence u_ such that

for e sufficiently small

) e
Ian)[“nU 1]dx> (n—l)!'

Thus, together with Ruff’s result of attainability in [14] for the case n =2, we will get Theorem
(1.2).

Definition (1.3) (Li and Ruf, 2000). To define the maximizing sequence, let {R, } be an increasing

sequence which diverges to infinity, and {Bk} an increasing sequence which converges to «,,. By

compactness, we can find positive functions u e H'"(B, ) with L (]Vuk|" + |uk|”) dx=1 such that

Lofaufoc wp [ of i o

J.BRk QVV‘” +v" ):1 veH" (BRk )
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Moreover, we may assume Ln d{ﬂkuk”n‘]dx: IBRk q)([)’kuk”n‘jdx IS increasing.
Lemma (1.4) (Li and Ruf, 2000). Let u, as above. Then

(a) u, is a maximizing sequence for S ;

(b) u, may be chosen to be radially symmetric and decreasing.

Proof. (a) Let 7 be a cut-off function which is 1 on B, and 0 on R"\B,. Then given any

peH"(R") with [ (Ve[ +|f")dx=1, we have

()=, [ Vﬂ(%)(ﬂ n 77(8(0

Hence, for a fixed L and R, >2L

LL [ | ()I"‘]dx j [ ﬂT((EL);”p”l]dxgjBchp(ﬂkuknnlex

By the Levi Lemma, we then have

ot po{nd

Then, letting L — +o0, we get

J‘Rn d{ocn| @ |”1] dx< lim Ln d){ﬂkuk“lj dx

Hence, we get

lim | @ 5 u“—lex = sup nd)[ocn |v|nnljdx.
ko0 [ K J' QVV\ A" ):1V€H (BRK)J.R

(b) Let u; be the radial rearrangement of u, , then we have

@] ( Maxs [, (

It is well-known that 7, =1 if and only if u, is radial. Since

+

2
]dx—ﬂ, as L — +oo.

‘n+u§1 jdx:l.
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LRk {07 Jax = fBRk Q(ﬂkuk“nl de ,

we have
JBRk q)(ﬂk (%ﬁ}dxz J.Bak (D[ﬂkufrll]dx ,

And "=" holds if and only if z, =1. Hence 7, =1 and

w )dx.

V

IBRk @(ﬁku:ﬁ)dx = sup IBRk CD(ocn

J.R” QVV‘”+‘V‘” )=l,veH[1)*" (BRk )
So, we can assume u, =Uu,(|x|), and u,(r) is decreasing

Assume now U, =U. Then, to prove Theorem (1.1) and Theorem (1.2), we only need to show that

n n
klirﬂo . @[ﬂkuk“}dx :IRH d)(ocn uk'”de.

Definition (1.5) (Li and Ruf, 2000). By the definition of u, , we have the equation

b n
Uk"‘@'(ﬂkuk"" J
—divjvu, [V, +ul =

A

, (4)
where 4, is the constant satisfying
A :_[B up-2 d)[ﬂkuk"—ljdx .

First, we need the following:

Lemma (1.6) (Li and Ruf, 2000). irgf A, >0.

Proof. Assume 4, — 0. Then

[ uf dx schnukniz CD’[ﬂkuk”n—lexg Cl —0.

Since u, ([x|) is decreasing, we have uf (L)B, |< _[BL uy <1, and then

TN(BESLSY (5)

ol
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set e=—'—. Thenu, (x)<e forany x ¢ B, , and hence, we have, using the form of &, that

o,L

_ o= .
A = Ln\BL db(ﬁkuk ]dx <C fRn\BL“k dx<CA, —0.

And on B_, sinceu, — 0 in L*(B, ) for any q>1, we have by Lebesgue

Jim | d)(ﬂkuk“lex < klirﬂo[ . Cup-! d)’(ﬂkuk”‘]dﬁ LXEBL:Uk(X)Q} d)(ﬂkuk’”de]
< limCA, + | ®(0)dx =0

This is impossible. O

Results(1.7) (Shawgy and Mahgoub, 2011): (i) Definition (1.5) and results (2.8) implies that if

we set v, =X and go(z): Z, then we have

LU Yt
CD(Bk |uk nl):epkuk ]

(ii) Theorem (1.2) shows that

n
uk n-1 %
“mem] ZAu

_n_
n-1

a G

a
lu, or ful< 7 .

If u, —>ueH"(R") with |u], ..., =1 then B<a’.

Hl,n(Rn)
(iii) If ¢, = Max u,, where u is the weak limit of ¢, = Max u,, it follows that

B
MY

We denote ¢, =maxu, =U,(0). Then we have

lug] . n>1.

Lemma (1.8) (Li and Ruf, 2000). If supc, <+,
k

(i) Theorem (5.1.1) holds;

(i) if S is not attained, then
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n-1
oC
S<——"n

(n—1)"

Proof. If supc, <+, then u, - U in CI‘OC(R”). By (5), we are able to find L st u,(x)<e for
k

X¢ B, . Then

2 n2

) By, ) ”, [
[ (d{ﬂkuk"-l)—k Jax <CfuidxsCert [ updxsCe

(n-1)
Letting e— 0, we get

n% Bn—lun B ni— OC271 u"
J.R"\BL (d)(ﬂkuk IJ_—(;—IS] )dx _IR”\BL (CD(ocn u IJ_—(n—l)! )dx .

Hence

) o o o _ o
kILrEo-[R”\BL d{ﬂkuknl]dx :J'Rn CD[ocn u;l]dﬁm kILrEO . (uk -u )dx.

When u =0, we can denote from (6) that

n-1
n

S< )
(n—1)!
Now, we assume u = 0. Set

) jnu{jdx
"= lim f—,
k—>+oo.[ undx
R

By the Levi Lemma, we have 7 >1.
Let U= u(é). Then, we have

Ln |VU|"dX= J.Rn |Vu|"dx£ lim IRH|Vuk|"dx,

k—+o0

and

[ andx= "] undx= lim [ uidx.
R" R" k R"

—>+0

Then

Joo (v + 2 Jax< tim [ (jvu,]"+

k—+o0

Uy

n]dx:l.

Hence, we have by (6)
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ZURHCD(@“ Un]}m(ﬁ_lyw(,;%z;‘)!dxh(fn-lm(@(mn o

- Ilm J-R”\BL (D[ﬂkulynl]dx +(Tn _I)J.R" (D(OC” Uﬁ)_ (noinl)l dX

K—>+o0

=S+(c" —1)jRn [CD(OC” Uﬁ)_ (“Oinl)JdX

n-1

Since CID(oc'n u*‘) T _yn >0, we have 7 =1, and then

-1
S= _[ (oc U"‘)

So, u is an extremal function.

From now on, we assume C, — +oo. We perform blow up procedure:

Cknjeﬂkci?j

By (5) we can find a sufficiently L such that u, <1 on R"\B_. Then
I ‘V( —u,( l dx<1,
and hence by (1), we have

[e
B

Clearly, for any p <oc, we can find a constant C(p), such that

oy (UK*UK(L)+X%

<C(L).

n

pu <ec, |u, —u, (L) | +C(p),

and then, we get
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Lff P dx<C =C(L, p).

Hence

n
e

k _&Cl?%l - o o
ArE T =e 2 [J'Rn\BLukrH (D’(ﬂkui:’l)dx-l- J'BL q)’(,Bkuk"*‘)dx]

ﬂkq?l &UQI
SCIRn\ ucdxe 27 +| e?  uMdx.

Begp
Since u, convergesin L%(B,) forany q>1,weget 4 <Ce2 * and hence

r<Ce 2 .

Now, we set

v () =u, (rx), w,(x)= _:Bkcnll( v, —C,),

n_
where v, and w, are defined on Q, ={XG R":r.xeB, }. Using the definition of " and (4) we

have
; n-2 Vi n L A e e nAn
—divivw, " v, =5 (2 g ) e v ¢ +O(rk ck).
In [9], we know that 0sC; W, < C(R) forany R > 0. Then from the result in (Dibendetto, 1983) (or

[8]), it follows that w |, | < C(R). Therefore w, converges in C/,,and v, —¢, =0 in C,,.

since

BRI A |

we get B, —ci ) w in Gl , and so we have
—divivul" v = ( rr'lcfn e, ()
with

w(0)=0=max w.
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Since w is radially symmetric and decreasing, it is easy to see that (7) has only one solution. We
can check that

x*‘) and J'Rn e"dx=1,

w(x)=-n Iog(l +C,

/AN
where ¢, = (— )a-i. Then,
n
o
o ur s : W
lim lim| ——e”™% dx= Ilmj' e'dx=1. (8)
Lo+ k—+o0 JBy, ﬂ’k L—>+o0 JR"

For A>1, let u} = min{u,,%}. We have

Lemma (1.9) (Li and Ruf, 2000). For any A>1, there holds

Ilmsupj (‘Vuk‘ +‘uk‘ jdx<lA 9)

K—>+o0

Proof. Since ‘{x Uy 2 A}‘

c_k”J'
AS{U

}uk <1, we can find a sequence p, — 0 such that

C
{x:u, ZXK}C B,
Since U, converges in L"(Bl) forany p>1, we have

lim

k—+w0 {u

‘dx< Ilm.[ uk”dx 0.

k—+0

and

. \+
lim || (uk —%) uf dx=0

k—+o0

forany p>0.

Hence, testing equation 4 with (uk - °—k)+ : we have

Cy 1

_ Vk_ik Vk_i -1 aWeto(l)
_LL ckA( ckA+l) te"eUdx + o(1).
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Hence
.. + |1 + A—] w
Cy Cx n-1
Ilmigf R(V(uk—f)‘ +(uk—f) Uy jdsz 5 © dx.
Letting L — +oo, we get
s a ) " c |7y - A-1
liminf R(V(uk—f) +(uk—f) uy ‘jdsz.

Now, observe that

_[Rn(Vuf‘n +‘u,f‘njdx: I—IR (‘V(uk —%)+

Jouss)

n
ukA‘ dx

<1-(1-1)+o(1).

Hence, we get this Lemma
Corollary (1.10) (Li and Ruf, 2000). We have

J‘R"\B(; (]Vuk“huﬁ)dx: 0,
forany 6 >0, and then u=0.

Proof. Letting A — +o, then for any constant ¢, we have

J{u <C}QVU£‘ + ul? )dX —0.

So, we get this Corollary.

Lemma (1.11) (Li and Ruf, 2000). We have

im [, o(gu Jdx < Tim lim ' —1) dx=limsup2-.  (10)

K —+o0 L—>+00 kK—+0 K —> 400 Cﬁ
k

and consequently

A , and sup S <o, (11)
Cy k k
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Proof. We have

JoolgutJos [ olautoef,olauton <] olauJareat 2

cy
e cp@uk"‘)

Applying (5), we can find L such that u, <1 on R"\B_. Then by Corollary (1.11) and the form

of @, we have

im [, . o(pp, (ut)™ Jx< lmc(p)f,  wdx=0 (12)

k—>+00

forany p>0.

Since by Lemma (1.10) limsup _[Rn [‘Vuk‘\‘n +‘UkA‘njdX$ lA <1, it follows from (1) that
k—+0

supj' eP Al -u L P gy o0
k vBL

forany p'< A™ . Since for any p<p’

pluf i <p ((uk’* ~u, (L) +c(p, p’)],

we have

SlipJ-BL Cb(ﬂk (u,f)E )dx < 40 (13)

forany p< A" . Then on B, , by the weak compactness of Banach space, we get
kllrpoo 5 ( n')dx _[ 0)dx=0.

Hence, we have

li CD(,B *‘) = lim lim A" ﬂ“j u" q)(ﬁu“)dx+C = lim A" X st +C
kLrPOO B. kuk dx = L—>+00k—>+00 C”' k™k pum €"

K—+0 n-1
Ck

As A—1 and €— 0, we obtain (10).
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n
ol
If was bounded or sup k
Ck

= +o0, it would follow from (10) that

vﬁ)dx:o.

sup CD(ocn
[ (vu" " Ferver) (8, )IBRk

Which is impossible.

1
n-1

u
Lemma (1.12) (Carleson and Chang, 1986). We have that ¢, —

kuf‘) converges to 9,

weakly, i.e. foranyp e D(R“)

lim pc, U’ kuk"%l)dx:(p(o).

k—+o0

Proof. Suppose supp ¢ < B,,. We split the integral

Ckuk

@(ﬂu;')dx I boshe, +J.B|_,k+»|.uk<°k =11+

We have
Uﬁ 4 = Wy +o0
l, < Alg].. JR“\BLW icp (ﬂkukn—l)dx = A||¢>||CO(1 _IB? (l)dX),
and
I, = jBL(p(rkx)Ck(Ck f: =G guotigy = o 0)f, e"dx+o(1)=p(0)+o(1)
k

By (12) and (13) we have
[, @ps, ui 1™ Jox<c

forany p< A™ . We set 7+t =1. Then we get by (11)

N ®(ﬂuk“')dx< ol

Letting L — 4o, we deduce now that

5l
ek‘k —0.

C(l

1(r")

L9(r")

K—+0

im [ ¢ ﬂkl o'(gug Jax=(0)
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1

Proposition (1.13) (Li and Ruf, 2000). On any Q cc R"\{0}, we have that ¢['u, converges to

G in C'(Q), where G e C(R"\ {0}) satisfies the following equation

loc

~difVG|" VG +G™ =§,. (14)

1

Proof. We set U, =c'u,, which satisfy by (4) the equations:
1

~divivU, | VU +U]" = Ck‘;k—knqu(ﬂkukn“l). (15)

For our purpose, we need to prove

J, Wil'dx<C(a.R),

where C(q, R) does not depend on k. We use the idea in [80] to prove this statement.
Set Q, ={0<U, <t},U} =min{U, ,t}. Then we have

1

J. (VU + 0, Jax< [ (FuiaL, +UUE)= [ UL Ckl/i—‘?ld)'(ﬁkulgn')s 2.

k

Let 7 be a radially symmetric cut-off function which is 1 on B; and 0 on Bj;. Then,

k.

Then, when t is bigger than M we have

C.R)
k.

Set p such that U, (p)=t. Then we have

ViU 'dx<C,(R)+C, (R

VU] dx<2C,(R).

inf{J.B Vv'dx:ve Hy"(B,e) and vlg =t}<2C, (R}

ik

On the other hand, the inf is achieved by —tlog 2R/Iog% . By a direct computation, we have

L <2R,
log 2% )"
and hence for anyt > w
C,(R)
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freB iU, 2t)-[B, <C R

where A(R) is a constant only depending on R . Then, foranyo < A,

o - m+1 =
e rdx < m<U <m+1 ) <

1+2(U, U, (R))

1_(Uk _Uk(R))+ ’

Then, testing the equation (15) with the function log we get
VU, [

N VRN ) (PR Y

o, L+2U, -V, (R)
S|092J‘BR%(D,(ﬂkulzl )dX‘LRUk log 1+—(£J Y k((R);+ He
k k

Given g <n, by Young's inequality, we have

J- |VU |q dX<J [ |vuk|n
oK e LU0, U, RN+ 20, —2U, (R))

dx-+((1+U, 142U, )i ]

VU, |’

< dx+Ce’Y* |dx.
IBR (1+U, -U,(R)\1+2U, —2U, (R)) x+Ce™™ Jux

Hence, we are able to assume that U, converges to a function G weakly in H”’(BR) for any R

and p<n.Applying Lemma (1.12), we get (14).

Hence U, is bounded in L%(Q2) for anyq > 0. By Corollary (1.10) and Theorem C, e is also

bounded in L*(€2) for any g > 0. Then applying [9], and [8](or [5] ), we get|U, ,<C.SoU,

clx

converges to G inC'(Q).

For the Green function G we have the following result.

Lemma (1.14) (Li and Ruf, 2000).G e C“‘(R \{o }) and near 0 we can write

loc

G=-—

! logr"+ A+ O(rn log" r)

n

here, A is a constant. Moreover, for any ¢ >0, we have
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i n
veiu,

kILrECIRn\BJ( +(ck"1‘uk)njdx f QVG| +(G )dx
= G(5)(t - jB G"‘ldx).

Proof. Slightly modifying the proof in [14], we can prove

G :—ilog r"+A+o(l).
oC

n

One can see [26] for details. Further, testing the equation (15) with 1, we get

@, Gy =] vel™ aa_ﬁ :l_js9n‘ldx= 1+0(r"log™"' r).
Then we get (16).
We have
_[Rn\B ug @ (ﬂ "‘) dx < CI uk dx—0. (17)

Recall thatU, e Hé*”(BRk ) By equation (15) we get

ou,

IR”\35QVUK|H+U;)dX_ A I u;‘d)(ﬂuk"l)dx I |VUk|n U dsS.
By (17) and (11) we then get

im [, (vu."+u;)dx = lim nk|vuk|”‘2ukds

kK —>+o0 k—>-+o0 JOB

=-G(5) j

s on

- G(5)(1 - jBS;“dxj.

We are now in the position to complete the proof of Theorem (1.1): We have seen in (12) that

J.R“\Bﬁ q)(ﬂkukn%l)dXSC :

So, we only need to prove on B,

S

j P dx < C..
BR

The classical Trudinger-Moser inequality implies that
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| Al ® T gy < c —C(R).
Br

T
Ck

By Proposition (1.14), u,(R)= O( L j , and hence we have

n

0 < (0, ~u,R) +u,RP < (0, ~uR) i+,

then, we get

_[ AU dx < C'.
Br

To proof Proposition (1.16), we will use a result of Carleson and Chang (see [12]:

Lemma (1.15) (Li and Ruf, 2000). Let B be the unit ball inR". Assume thatu, is a sequence in

H;"(B) with | [VU,["dx=1. Ifu, —0, then

|ImSUp J‘B (eocﬂuknl _ 1) dX < |B|e1+1/2+»-~+1/(n—1)l

k—>+o0

Then, we get the following:

Proposition (1.16) (Li and Ruf, 2000). If S cannot be attained, then

OCn—l
S > min n eocnA+1+1/2+~~+1/(n—1) .

(n—1)!
(U, (x)-u, (8))

k
Vu,

Proof. Set uy = which is in H,"(B, ). Then by the result of Carleson and Chang,

L"(8;)

we have

Iimsup I eﬂk”,knfl < |B§|el+1/2+...+1/(n,1).
k —-+o0 Bs

By Lemma (1.15), We have
J.Rn\B& UVCQIIUK n + (ck"%‘uk T)dx - G(5)(1 —IBE;"-ldx) ,

and therefore, we get

J.B& Vu,|" dx= I_J.R“\B(; (]Vuk|n +ufj)dx _.[35 uy dle_w, (18)
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where lim lim €,=0.

50 k—>+o

By (12) in Lemma (1.11) we have

lim lim g/t =‘B

L—+oo k—>+0 JB,\B p‘ !

forany p <& . Furthermore, on B we have by (18)
(u;)% < Ui — —ulgn‘[l+ nl 1 G(a)Jrfk (5)+O( ln D
(1_ G(5)+nek (5)J B Ck

C -1
cr

o

=3

Then we have

lim lim e dx<0(57) lim lim " dx—|B,|0(5™).

L+ k—+0 JB\B L—+o0 k—>+0 JB,\By,

sinceu, —0 on B;\B,, we get

(e”4" ~1)dx=0,

m |
k—+o JBs\B,

then

0< lim lim s ~1)dx<|B,[0(5™").

Lo+ k—>+0 JBs\B,

Letting p — 0, we get

lim lim (e —1)dx=0.
Lo+ k—>+0 JBs\BL,
So we have
lim lim (A4 —1)dx < e V2B |,

Lo+ k—>+0 JBs\B,

Now, we fix an L. Then for any x € B, , we have

o u n n 1
By :ﬂk(m)nl(I85 |Vuk| dx)”*l
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- AU+ ﬁ) (], [V o

(using that u, (6)=0(— 1 ) .
¢ ¢

1

= AU+ (6)+O(—

= f U (1+“k('5)+o( ! ))n”{ (5)+ek( )]nl

u, ct

n uk(5)_ 1 (5)"'€k() [

n-1 u n-1 ol

:ﬂku;ﬁ {H

It is easy to check that

WX 1 and (o (500, (5) > G(6).

Ck
So, we get

.. o .. . i

lim lim (e’ —1)dx= lim lim e "G(‘S)j (e”% —1)dx
Lo+oo kot JB, L—>+00 k—>+00 By

< e*nG((S)é‘n Wy < e1+1/2+---+1/(n71)

n

_ eocn (—%nlog 5"+A+O(5” log" 6))5n @, e1+1/2+...+1/(n,1)'

n
letting 0 — 0, then the above inequality together with Lemma (1.8) imply Proposition (1.16).
1. The test functions

Definition (2.1) (Li and Ruf, 2000). We will construct a function sequence {ue}c H 1’”(R”) with

=1 which satisfies

e Hl‘n

J. ol b

for e> 0 sufficiently small.
Let

)dX > @, _ 1eA+1+1/2+ +1/(n-1)
n H
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(n—l)log( n:"”‘)+Ae
C- — X <L
ue _ a:n Cnfl
%IXD x> L.
Cnfl

where A ,C and L are functions of e (which will be defined later, by (19), (20), (21)) which
satisfy

(i)L = +0,C —>+oc and L_— 0, as e 0;

(i)c - (n—l)log(1+clnL"n‘)+ A
oc, C™

. Iog
(iii) o

We use the normalization of u_to obtain information on A_,C and L. we have
J' ([Vue "
R™MB,_
n-2 0G

=—j G(L VG| s

)d x=—= (_[BLE VG dx+jBEE G"dx)

G(LE)—G(LE) Gdx

= C“L Iog(1+c L“‘)+O( Lnli:nl )
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2By (n-1) + nlog(1+c L”1)+O( L)

(xn Cm (xn n-1 Ln ICnl
where we used the fact

2Cr (- 1 1

; S _1+5+---+m.
It is easy to check that
Jo, vu. (LyciogL)
and thus we get
jRn(j €"+u2)dx = r';ln{—(n—1)(1+1/2+1/3+---+1/(n—1))+oc
oC n-1

+(n —l)log(l + anﬁ)— log(L.)+¢},

where
g=0l(L.yc logL+ (L. )V log" L + L),

Setting IR([ ik +u2)dx:1 , we obtain

n

-1
oc, C =—(n=1)1+1/2+--+1/(n=1)}+oc, A+ logglJrC—LLL—logen +¢

=—(n=1)1+1/2++1/(n=1)Hoc, A+ Iog%— log €" +4. (19)
By (ii) we have

oc, C* —(n —1)|og(1+cn Lﬁ)+ A == G(L.)

and hence

—(n=1)1+1/2+-+1/(n=1)Hoc, A=log(L.)" + @+ A =c G(L_);
this implies that
A =—(n-1)1+1/2++1/(n-1))+4¢. (20)

Next, we compute IB e 1 dix
Le
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Clearly, go(t)= |1—t|ﬁ +L1t Is increasing when 0 <t <1and decreasing whent <0, then
n —

1=t >1-—"t, whenlt|<1.
n-1
Thus we have by (ii), for any x € B,_

(n—l)log(1+cn gﬁ)
oc, c™

_n_ n_
n-1 —, n-1 —
oc n ue = n C 1

>oc, Cﬁ(l—

n (n- 1)Iog(1+c| |+A€)) 1)
n-1 oc, Cm g

Then we have

n
n__ X[n-1 L
P nlog[H—cn‘e‘ ] nflAE

emn‘uem*]dxz J. e“nc dx
B

—e" N o (1roL))

=%eA+1+1/2+.--+1/(n1)+O(( )C”IogL+( ) Iog |_ + L )

Here, we used the fact

e L

~m-k-1 m+1

Then
jB d)(ocn uf)dx> r”]le(’cn’*””/2+ +/(n-1) +O(( L.)'C"logL+(L_)" log" L.+ L™ )
.

Moreover, on R" \ B, we have the estimate
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T 2—1 G n
'[R”\BLg (D(Ocn e )dxz (:—1)! J'R”\BJ C(?(I)I ¥

and thus, we get

n @, _ oy Atl1/24-+1/(n-1) ocn_l |G‘(X)|n
jBLE (D(ocn u_ )dx Z%e At fze i * (nil)! J‘R"\BLE| CH dx
+0[(L.y'C logL+(L_) log" L.+ L)
:&ean+l+I/2+m+l/(n—l) .|.—OC271 Gl(x ndX
n (h-1)c™ J.RH\BJ )

+O((LE)"C”+”"' IogL+%+C”n'(L€)nlog” Lej } (22)

We now set
L=-loge; (23)
then L. — 0 as e— 0. We then need to prove that there exists C = C(e) which solves equation
(19). We set
f(t)=—oc, t7 —(n=1)\1+1/2+--+1/(n—1)} oc, A+log 2L —log " +,
n
since
i ((—% log e”)ﬁ): log €" +o(1)+¢ <0

for e small, and

f((—ﬁlog e”)ﬁ)z —%Iog e" +o(1)+¢>0

for e small, fhasazeroin f ((—2% log e”)ﬁ), f ((—mi log e”ﬁ). Thus, we defined C, and it satisfies
o, C™" =—log " +0(1).
Therefore, as e— 0, we have

logL

——0,
Cnfl

and then

(L)C™ ™ logL+C™ L™ +C™ (L)' log" L_ — 0.
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Therefore, (i), (ii),(iii) hold and we can conclude from (22) that for e> 0 sufficiently small

j (D(OC u =y )dX > —n=L e ocy A+1+1/2++1/(n-1) .
B'—e n

Definition (2.2) (Li and Ruf, 2000). To define the test function 2, we construct, for n>2,
functions u_such that

Inq)[ocn(j—ew) de>(n l)'

for e> O sufficiently small.

n

Let €"=e ™" and

c X < L.

ue — M |_e < |X| <L
oc, C™
0 LS|X|,

where L is a function of € which will be defined later.

We have
and
nl
I u’ dx—— "(LE)”+& r"'log" rdr.
m Cnl <
Then

dx

n— n n— ut
@ oc, (1 ""le S L L En IR"‘B% o
J.R” [OC ( ) Xz (n 1 1+I u’ dx n! (1+..'Rn UQdXF

oc, oc, 1

- _ ngnl
(n 1)| (n l)l n lc (L )+ a)n—lnLL J.rn—llognrdx

N ~na
o, Cc

€
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2
n” o n?

o, "¢ I“‘Iog”‘r

n

— (X: €
T - o
(1+ %1 e (L) nn I r""log” rdx )
n 2 c Y
We now ask that L satisfies
o
T —0,as €—>0. (24)

Then, for e> 0 sufficiently small, we have

ot 1
S _
(n 1)'1+%c”(Le)+7a)‘1n L r"*log" r dx
n Ocn Cnl -

n? 2

n

1
o, L" /¢ I "log"'r

n

oc
+ 1 n n 1
n! 1) @, N n_
(1+ 50t e™(L ) + e = I r""log” r dx )
n o ¢t
n e
NS
ZBlL ”‘1—82 -
L
n LG—%
CI'I] -
_( Bl N Bz)f
L Cn—l

where B,, B, are positive constants.

1

When n > 2, we may choose L =bc™?; then, for b sufficiently large, we have

And (24) holds. Thus, we have proved that for > 0 sufficiently small

.[HCD[ocn (EU—EHM) ]dx> (-1}

Corollary (2.3) (Shawgy and Mahgoub, 2011): Prove that for €> 0

J'Rn d(u )™ dx > -
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Proof: For k=e>0 Results (5.1.8)(ii) implies that

u

<

€

o
ﬂ%—]

u —ue H“‘(R”) with ||u||Hm(Rn) =1, we have for a, — « that 8 <a’™. Therefore

_ n-1
n-1 a

o (e Y |dx= auefrdx> % - > P
Inq’[n% )]d S (= i e i oy

€ H],n

Vs
Hence | @(u.) dx>m.
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Introduction

The topology science is very important science, it has many efficient in mathematical field, and it
is entering in many sciences, like physics and engineering. The important topics in topology
science, are topological spaces, topological groups and compactness, which play a very important
part in pure mathematics. Every group, can be made into a topological group, imposing the discrete
topology on it. The topological groups have many parts, like abelian topological groups and non-
abelian topological groups and topological transformation groups. The compactness and
compactifications are very important in topology science, because they are referring to topological
spaces and topological groups, they can be described as the maximal ideal spaces of certain
functions algebras.

1. Topological groups
In this paper, we discuss some definitions and some examples of topological groups, and we state
some theorems, lemmas and some propositions on topological groups. In the last section,

someexplanations about locally compact abelian topological groups, with refer to [1],[3] and [5].

2.1 Definitions

The definitions below are included in [1] and [3].

Definition (2.1.1): A topological group is a triple (G,t), where (G,) isa group and 7 is a topology
on G such that, the function f: G X G - Gdefined byf (x,y) = x.y~! for x,y € G is continuous.

Here G X G is viewed as a topological space by using the product topology. It is common to

require that the topology on G be Hausdorff.

Definition (2.1.2):We say that (G, X,t) is a topological group if (G, X) is a group and (G,t) is a
topological space such that, writing M(x,y) = x X y and Jx = x~! the multiplication map m :

G? - G and the inversion map J: G — G are continuous.

Definition (2.1.3): Let G be atopological group, and let a € G , then:
i. Themap L(a):G - G :x — ax iscalled a left translation.

ii. Themap R(a):G — G : x — xa is called a right translation.
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Proposition (2.1.4): Let G be atopological space, which is also a group, then G is a topological
group if and only if:

i. Theset {e} isclosed.
ii. Forall a € G the translations R(a) and L(a) are continuous.

iii.  The mappingG X G — G : (x,y) - xy~1 is continuous at the point(e, e).

Definition (2.1.5):If (G,X; ,7;) and (G,Xy ,ty) are topological groups, we say that, 6:G —

His an isomorphism if it is a group isomorphism and a topological homeomorphism.

Lemma (2.1.6): let Ube neighborhood ofe in a topological group G, then there exists a
neighborhoodv of e suchthat vc U andv =v~! and wvv =wvv~! < U. We shall call such

a neighborhood v of e symmetric.

Definition (2.1.7): A local group is a Hausdorff space N such that:
i.  There is a binary operation in N, (x,y) = xy which is defined for certain pairs (x,y) €
N XN .
ii.  The operation is associative.
iii. Thereexists e € N ,thusforall x e N ,xe =ex=x .
iv.  There exists an inverse operationin N,X > X 1:xxt1=x"1x=e¢ .

v. Themaps (x,y) - xy and x - x~! are continuous.

Definition (2.1.8):
i. The local groups N and N’ are topologically isomorphic if there exists a
homeomorphism f: N - N’ : x = f(x) , such that the product xy is defined in N if and
only if the product f(x)f(y) isdefinedin N’, andin this case f(xy) = f(x)f (y).
ii.  The topological groups G and G’ are locally isomorphic, they have open nuclei which is

local group, are topologically isomorphic.
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Definition (2.1.9): Topological space M isa T, — space , if for any given pair of distinct points

X,y € M, there exists an open set U of M, which contains one of the points, but not the other.

Definition (2.1.10): A T, — topological group is a group G which is T, — space, and such that,

themap, G X G - G : (x,y) » xy~1, is continuous.

Definition (2.1.11): A topological space M isa T; — space if for distinct points x # y in M,

there exists an open set V with y €V but x € V.

Definition (2.1.12): Let M a Hausdorff topological space, and let G be a topological
group, then:

i. G operates on M if there is, a surjection G XM - M : (g,p) = g.p Such that
(9192).-p = 91-(g2.p), and  e-p=p forallg;,g, €G and p € M where e is
identity of G.

ii. G operates transitivelyon M , if forevery p,q € M, there exists g € GSuchthat g-p =
q.

iii. G operates continuouslyon M ,ifthemap G XM — M : (g,p) — g.p is continuous.
iv. G s called a topological transformation group on M, if G operates Continuously on
M.

V. G iseffectiveif a-p =p, forall p € M emplies a = e.

vi. Let p be fixed in M, thenG(p) ={g€G:g-p=p}isagroup called the isotropy
subgroup of G at p. Theset G-p={g € G : g-p = p}, is called an orbit under G.

Definition (2.1.13): A homogenous space M is a space with a transitive group action by Lie
group action implies that there is only one group orbit, M is isomorphic to quotient space G/H,

where H is the isotropy group G.

2.2 Examples
Example (2.2.1): Examples of abelian topological groups
Before we state the examples, we assert that; every group can made into a topological imposing

the discrete topology on it. Here are some important examples of an abelian topological groups:

1. All Euclidean spaces under the usual additional, are abelian topological groups.
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2. The non-zero real numbers, or the non-zero complex numbers under multipli-cation form
an abelian topological group.
3. All topological vector spaces, such as Banach spaces, or Hilbert spaces are abelian
topological groups.
4. Let X be aspace and H(X), is the group of all homeomorphisms of X . If Xis locally
compact and regular, then H(X), becomes an abelian topological group under composition.
5. If {Gi:i€l} isa collection of topological groups, the product space [];e; G, can be
made into topological group under co-ordinate wise multiplication.
6. Let H asubgroup of atopological group G and G/His the space of right cosets ofH in
G then, if H is anormal subgroup of G ,then G/H is atopological group.
Examples (2.2.2): of non-abelian topological groups
All examples and properties below are in (Arther and Ralph, 1973).
Consider the subgroup of rotations of R3, generated by two rotations by irrational of multiplies of
2m about different axes.
All the above examples are Lie groups (topological groups that are also manifolds).
An example of a topological group which is not Lie group is given by the rational numbers Q ,this

a countable space, and it does not have the discrete topology.

2.3 Properties:

1 If a isanelement of a topological group G,then left or right multiplication with ayields a
homeomorphismG — G, thus can be usedto show that all topological groups are actually
uniform spaces. Every topological group can be viewed as a uniform space in two ways, the
left uniformly turns all left multiplication into uniformly continuous maps, while the right
uniformly turns all right multiplication into uniformly continuous maps. If G is not abelian,
these two need not coincide.

2 As a uniform space, every topological group is completely regular. It follows that if a
topological group is T, (i.e. Kolmogorov),then itis already T, (i.e. Hausdorff).

3 The most natural notion of homeomorphism between topological groups is that of a continuous
group homeomorphism. Topological groups, together with continuous group homeomorphisms

as morphemes, form a category.
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4 If H is anormal subgroup of the topological group G, then, the factor group G/H becomes
a topological group by using the quotient topology (the finest topology onG /Hwhich makes
the natural projection G — G/H continuous).

5 The algebraic and topological structures of a topological group interact in non-trivial ways, for
example, in any topological group the connected component containing the identity element, is
a normal subgroup.

2.4 Subgroups and nuclei

Definition (2.4.1): Let G be a topological group, and let H be a subset of G such that, HH™ c

H ,then H isasubgroup of G .( Arther and Ralph, 1973)

Corollary (2.4.2): Let H be a closed normal subgroup of the topological groupG and G/H isa

quotient, then G/H becomes a topological group such that the projection m: G — G/H isan open

continuous homeomorphism. (Arther and Ralph, 1973)

Definition (2.4.3) (Arther and Ralph, 1973): Let G be atopological group, then the centerC of
G equals {x € G : xa = ax V a € G}. The center is a normal subgroup of G,and is also denoted
by Z(G). (Arther and Ralph, 1973)

Definition (2.4.4): Discrete subgroups of Euclidean spaces under usual additional are known as
Lattices. (see [1])

Definition (2.4.5): Let (G,X,T) be atopological group, and H a subgroup of G: (Torner, 2003)
i.  The topological closure H of H is a subgroup.

il. If H isnormal,sois H.

iii. If H contains an open set, then H is open.
iv. If H isopen,then H is closed.

v. If H isclosed and of finite index in G , then His open.

Lemma (2.4.6) : Let (G,X,T) be a Hausdorff topological group, if H is a closed normal
subgroup, then G/H is Hausdorff. (see [1])

Lemma (2.4.7): Let (G,X,T) be atopological group, then I = {e} is a closed normal subgroup.
(see [1])
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Definition (2.4.8) : If G is a topological group, the connected component of identity e € G
is called the identity component of G, and is denoted by G, , and G,is closed normal subgroup of

G , and the connected component c(a) of a € G equals aG,. (Arther and Ralph, 1973)

Definition (2.4.9): A subset of atopological groupG ,which contains an open neighborhood of the

identity e, is called a nucleus of G. (Arther and Ralph, 1973)

Proposition (2.4.10): let V' be the family of all nucleus of a topological group G, then V satisfies:
(see [1])

. vy,v, €V implies vy N v; EV

ii. v, €VZand v; cW cG impliesW €V;

iii. Foranyw, €V, thereexists v™! € V suchthat vv~! € vy;

iv. IfveVandaegG,thenvteV;

v. v in{viveV}={e}
2.5 Locally compact abelian topological groups
Let A be an abelian group, thus A is a set equipped with a binary operation + , which is
commutative and associative, there is identity element 0 € A4, suchthat 0 + a = a forall a € 4,
and each a € A has an inverse —a , characterized by a + —a = 0, as a basic examples, the
integers, real numbers and complex numbers are abelian groups under addition, and for each

positive number n we have the integers modulo n, a cyclic group with n elements.

Let us also assume that A is a topological space, which is to say that certain subsets of A are
designated as open subsets. As usual one required that the empty setand A itself are open subsets
of A, that the intersection of any finite collection of open subsets is an open subset, and that the
union of any collection of open sets, is an open subset. Once the open subsets are selected, the

closed subsets are defined to be the complements in A of the open subsets.

Various standard notions, such as continuity at a point of a mapping between two topological

spaces, can be defined in terms of the open subsets through standard methods.

Tosay that A is atopological group, means that the group structure and topo-logy are compactible
in a natural way. Specifically, the group operation + should be continuous as a mapping from
A X A into A, and a = —a, should be continuous as a mapping from A to it self. This implicitly

118



Mahgoub Elawad Mohammed Ahmed /Nile Journal for Sciences and Engineering, Vol. 01, NO. 02 (2024)112-134

uses the product topology onA x A is open if it is the union of products of open subsets of A. Itis
customary to require that A be a Hausdorff topological space, which is equivalent in this setting

to the requirement that {0} be a closed subset of A.

In any topological space a subset K is said to be compact if every open covering of K in the
space admits a finite sub covering, i.e., if for every family{U;};c; of open subsets of the topological

space such that:

(DK C Uiy

There is a finite collection i,,---,i;0f indices in I such that:
(DK < Uju, - uU.

A topological space is said to be locally compact if for each point x in the space, there is an open

subset W and a compact subset K of the space such that:
(i)x e W C K.

A locally compact abelian topological group is an abelian topological group which is locally

compact as a topological space.

Of course, local compactness at the identity element e implies local compact-ness at every point

because group translations define homeomorphism.

As in (3), it is simpler to say “LCA group” in place of locally compact abelian topological group.
The integers modulon are natural examples of LCA groupequipped with their discrete topologies,
in which every subset is considered to be open. For the real and complex numbers, one can use
their standard topologies, indeed by the usual Euclidean metrics, to get LCA group. One can also
consider the nonzero complex numbers using multiplication as the group operation and the usual
topology. If one takes the complex numbers with modulus 1 using multiplication as thegroup

operation and the usual topology, one gets acompact LCA group.

Fix an integer n > 2, and consider the group consisting of sequences x = {xj};il such that each

of themis aninteger suchthat 0 < x; <n—1, and the sum of two elements x,y inthe group

A is defined by adding each term modulo n . If x isan element of the group andi is a positive
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integer, then the ith standard neighborhood aroundx is defined to be the set of y in the group
such that x; = y;,then 1 <j <. This leads to a topology on the space in which a sub set of the
group is open, if for each point x which is contained in the subset. Well known results in topology
imply that this space is compact with respect to this topology, and in fact it is homeomorphic to the

cantor set.

It is easy to see that this example defines a compact LCA group. Namely, the group operations are
continuous with respect to the topology just defined. This is a nice example where the topological
dimension is equal to e ,which isto say that the space is totally disconnected, with no connected

subsets with at least two elements. As the same time the topology is not the discrete topology.

Let A be a LCA group. A basic object of interest associated to A is translation-invariant integral,
which is alinear mapping from the vector space of complex-valued continuous functions as f(x)
on A with compact support into the complex number such that the integral of f(x + a) is equal
to the integral of f(x) for all a € A, the integral of a real valued function is a real number, the
integral of a non-negative real number, and the integral of f is positive, if f is a non-negative
real valued continuous function on A with compact support such that f(x) > 0 for some x €
A . In the examples described earlier such that an integral can be defined explicitly, in terms of
sums, classical Riemann integrals, or simple generalizations of Riemann integrals for the spaces
of sequences modulo n . A general theorem states that any LCA groupA an invariant integral, and

that this integral is unique except for multiplying it by a positive real number.

Let A be an abelian group. By a character on A we mean a continuous group homeomorphism
from A into the group of complex numbers with modulus | with respect to multiplication.
Sometimes one may wish to consider unbounded characters more generally, which are continuous
homeomorphisms fromA into the non-zero complex numbers with respect to multiplication. Note
that any bounded subgroup of the nonzero complex numbers with respect to multiplication is
contained in the complex numbers with modulus | as one can easily verify. Thus, a bounded,
continuous homeomorphism from A into the group of nonzero complex numbers is a character, and
in particular every continuous homeomorphism from A into nonzero complex numbers is a

character when A is compact.
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If f(x)is a complex valued continuous function on A with compact support, or an integrable
function more generally, one can define its Fourier transformation f(@)by saying that if @ is a
character on A, then f(®)is the integral of f times the complex numbers conjugate of @ , using
a fixed invariant integral on A as discussed previously. If A is not compact, then one can extend
this to a Fourier — Laplace transform by allowing unbounded characters, at least when f has
compact support or sufficient integrality properties. For bounded character one has the usual

inequality which states that |£(@)| is less than or equal to the integral of |f] .

Many classical a sects of Fourier analysis work in this setting. A basis point is that the Fourier
transform diagonalizes translation operator, which means that if a € A and f(x) is continuous

function on the group with compact support, or an integrable function on the group, then the Fourier

transform of f(x — a)at the character @ is equal to @(a) times as Fourier transform of
f(x)at @ . One can also define convolution in the usual way, @using the invariant integral on
A, and the Fourier transform of a convolution is equal to the product of the corresponding Fourier

transforms.

3 Topologicalgroups’ compactificationsintroduction

Every topological group G has some natural compactifications. They can bedescribed as the
maximal ideal spaces of certain functions algebras, or as the Samuel compactifications for certain
uniformities on G , some compactifications of G carry an algebraic structure, and may be useful

for studying the group G itself.

We consider, in particular, the following constructions: the greatest ambit S(G) and the universal
minimal compactG-space Mg (sections 2 and 3); e Roelcke compactifications R(G) ( section 4
) ; the weakly almost periodic compactifications W (G)( section 5). In the last case the canonical
map G — W(G) need not be an embedding. In section 6, we discuss the group of isometrics

of the Urysohn universal metric space u, all these topics are included in [4] and [5].

3.2 Greatest ambit S(G)
Let G be atopological group, the Banach space B = RUCP(G) of all right uniformly continuous
bounded complex functions on G is a C*—algebra, and G acts on B by C* —

algebra automorphisms. Let S(G)be the compact maximal ideal space of B . It is the least
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compactifications of G over which all functions from B can extended. The topological group of

all C* —algebra

automorphisms of B is naturally isomorphic toH(S(G)) . It follows that G acts on S(G), and

the natural homeomorphismG — H(S(G)) is a topological embedding.

The space S(G) can also be described as the Samuel compactifications of the uniform space
(G,R) , here R is the right uniformity on G . The basic entourages for R are of the form
{(x,y) €G:xy 1€V} ,where V € N(G) . The Samuel compactifications of a uniform space
(x,u) is the completion of x with respect to the finest pre-compact uniformity which coarser

than u .

We shall consider G as dense subspace of S(G). The action G X S(G) — S(G) extends the

multiplication G X G - G .

A G — space is atopological space X with a continuous action of G ,thatis,amap G X X - X
satisfying g(hx) = (gh)x and ix =x,(gh€G,x€X).A G—map isamap f:X->Y
between G — spaces such thatf(gx) = gf(x) forallx € X,g € G . The G — spacesS(G) has
distinguished point e ( the unity ), and the pair (5(G),e) has the following universal property :
for every compact G — space X and every p € X there exists a unique G —map f: S(G) = X
suchthat f(e) = p . Indeed, the mapg —» gp from G to X is R — uniformly continuous and

hence can be extended over S(G).

Theorem (3.2.1) : For every topological group G the greatest ambit X = S(G) has a natural
structure of a left topological semi group with a unity such that the multiplication X X X —

X extends the action ¢ X X —» X .

Proof

Let x,y € X such that n,(e) =y. Define xy = r,(x). Let us verify that the multiplication
(x,y) — xy has the required properties. For a fixed y the map x — xy is equal to ry and hence
is continuous. If yz € X, the self-mapsr,n, and 1, of X are equal, since both are G — maps
sending e to yz = r,(y). This means the multiplication on nX is associative. The distinguished
element e € X isthe unity of X : we have =r,(x) =x.If g € G and x € X, the expression

gx can be understood in two ways: in the sense of exterior action of G on X as a product in X.To
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see that these two meanings agree, note that r,.(g) = .(ge) = gr(e) = gx (the exterior action

IS meant in the last two terms; the equality holds since r,, isa G — map .

3.3 Universal minimal compact G — space
Definition (3.3.1):A G — space is minimal if it has no properG — invariant closed subset or,

equivalently, if the orbit Gx is dense in X for every x € X.

Lemma (3.3.2) : The Universal minimal compact G — space Mg is characterized by the
following property: M. is minimal compact G — space and for every compact minimal G —

space X there existsa G —map of Mg onto X.

Since Zorn's lemma implies that every compact G — space has a minimal compact G —
subspace, it follows that for every compact G — space X, minimal or not, there exists a G —

map of M; to X.

Lemma (3.3.3):The existence of M; is easy: take for M; any minimal closed G —
subspace of S(G) universal property of (S(G),e) implies the correspond-ding universal
property of M, . It is also true that M, is unique, in the sense that any two Universal minimal

compactsG — spaces are isomorphic.

Proposition (3.3.4):If f:X > X is a G —self —mapand a = f(e)then f =1,.

Proof: We have f(x) = f(xe) = x(f(e)) = xa = r,(x) and hence for all x € X.

A subset I c X is a left ideal if XI c I. Closed G — subspaces of X are the same as closed left
ideals ofX . An elementx of asemi group is an idempotent if x? = x . Every closed G —subspace

of X, being aleft ideal, is moreover a left topological compact and hence contains an idempotent.

Theorem (3.3.5): Every non-empty compact left topological semi group K contains an idempotent.
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Proof: Zorn's lemma implies that there exists a minimal element Y in the set of all closed non-
empty sub semi groups of K .Fix a € Y . We claim that a® = a(and hence Y is a sigleton).
The setYa , being aclosed semi group ofY . It follows that the closed sub semi group Z =
{x €Y : xa = a} isnon-empty. Hence Z =Y and xa = a for every x € Y. It particular, a? =

a.

Let M be a minimal closed left ideal of X . We have just proved that there an idempotent P € M.
Since XP is closed left ideal contained in M, we have XP = M. It follows that xp =
x forevery x € M. The G —map r, : X - Mdefined byRp(X) = XP isaretraction of x onto
M .

Proposition (3.3.6):Every G — mapf : M - M has the formf(x) = xy forsome y € M.
Proof: The composition h = frp: X - M isa G —map of X into itself, hence it has the form
h =1, ,wherey = h(e) € M (Proposition 3.3.1). Since 7, T M =Id,wehave f =hTM =
rn, T M.

Proposition (3.3.7):Every G — mapf : M — M is bijective.

Proof: According to Proposition (3.3.6), there is a € M such that f(x) = xa for all x € M.
Since Ma is a closed left ideal of X contained in M , we have Ma = M by the minimality of M .
Thus there exists b € M such that ba = p.Let everyg : M — M be the G — map defined by
g(x) = xb. Then fg(x) = xba = xb = x for every x € M, and therefore fg = I (the identity
map of M ). We have proved that in the semi group S of all G —self —map of M, every
element has a right inverse. Hence S is a group (alternatively, we first deduce from the equality f
g=1 that all elements of S are surjective and then, applying thisto g , we see that f is also

injective.)

Theorem (3.3.8):For every topological group G the action of G on the universal minimal compact

G — space M is not 3-transitive.

For example, if K is a compact manifold of dimension> 1, or a compact Menger manifold and
G = H(K),then M(G) # K , since the action of G on K is 3-transitive.

It would be interesting to understand what is M (G) in this case.
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Let P be the pseudo arc (= the unique hereditarily indecomposable chainable continuum) and
G = H(P). The action of G on P is transitive but not 2-transitive, and the following question

remain open:
Let P the pseudo arcand G = H(P).Can M, be identified with P ?

Question (3.3.9): Let G be abelian topological group. Suppose that G has no non-trivial

continuous characters X : G = T. Is G extremely amenable.

For cyclic group the question can be reformulated as follows: Let K be a compact space, and let
f € H(K) be a fixed-point free homeomorphism of K . Let G be the cyclic subgroup of H(K)
generated by f . Does there exists a complex number a such that |a| =1, a # 1, and the

homeomorphism X : G — T defined by X(f™) = a™ is continuous.

If K is a circle, the answer is yes: for every orientation-preserving homeomorphismf of a circle,
the rotation number is defined which gives rise to a non-trivial continuous character on the group

generated by f .

A positive answer to question (3.3.9) would imply the solution of the problem: Is it true that for
every big set S of integers, the set S — S contains a neighborhood of zero for Bohr topology on Z
? A set S of integers is said to be big (or syndetic) if S + F = Z for some finite F c Z; this means
that the gaps between consecutive terms ofS are uniformly bounded. The Bohr topology onZ
generated by all characters X : Z — T . It is known that for every big subset S € Z the S—S +

S contains a Bohr neighborhood of zero.

Extremely amenable groups can be characterized in terms of big sets. A subset S of a topological

group G is big on the left, or left syndetic, if FS = G for some finite F c G.

Theorem (3.3.10): A topological groupGis extremely amenable if and only if whenever S c G

is big on the left, SS~1 isdensein G.

Theorem (3.3.11): Atopological group G is extremely amenable if and only if for every bounded
left uniformly continuous function f from G to a finite dimensional Euclidean space, every &€ > 0

, and every finite (orcompact)K c G there exists g € G such that diameter f(gk) < €.
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3.4 Roelcke Compactifications

Definition (3.4.1): For a topological groupGlet R(G) be the maximal ideal of the C* — algebra
of all bounded complex functions on G which are both left and right uniformly continuous. The
space R(G) is the Samuel compactifications of theuniform space(G, #AR) , where £ is the left
uniformly on G, R is the rightuniformly, and #AR is the Roelcke uniformly on G , the greatest

lower bound of £ and R . We call R(G) Roelcke compactifications of G .

Lemma (3.4.2): While the greatest lower bound of two compactible uniformities on a topological
space in general need not be compatible, the Roelcke uniformity is compatible with the topology
of G . The covers of the form {UxU : x € G,U € N(G)}, constitute a base of uniform covers of

Roelcke uniformity.

If G isabelian, (G) = S(G) . In general,R(G) is a —space , and the identity map of G extends
toa G —map S(G) —» R(G).

Definition (3.4.3): The group G is precompact if one of the following equivalent properties holds:
i. (G,L) isprecompact.
ii.  (G,R) is precompact.

iii. G isasubgroup of a compact group.

It can be shown that G is precompact if and only if G for everyneighborhood U of unity, there
exists a finite F c G such that G = FUF . Let us say that G is Roelcke precompact if the
Roelcke uniformity #AR is precompact. This exists a finite F < G suchthat G = F U F. There
are many non-abelian non-precompact groups which are Roelcke compactifications. For example,
the symmetric group symm (E) of all permutations of a discrete space E , or the unitary group
U(H) , on a Hilbert space H , equipped with the strong operator topology, are Roelcke
precompact. The Roelcke compactifications of these groups can be explicitly described with the

aid of the following construction:

Suppose that G acts on a compact space K.For g € G,let r(g) € K? be the graph of the
g — shift x > gx. The map g - I'(g) from G to Exp K? is both left and right uniform
continuous (if the compact space Exp K? is equipped with its unique compactible uniformity),

hence it extendstoamap f, : R(G) — Exp K2. Ifthe actionof G on K istopologically faithful,
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the map f, often happens to be an embedding in which case R(G) can be identified with the
closure of the set {I'(g):g € G} in Exp K? . For example, this the case if K = S(G)or K =
R(G).

The space Exp K2 is the space of all closed relations on K. It has a rich structure, since relations
can be composed, reversed, or compared by induction. This structure is party inherited by R(G) .

Let us consider some examples.

Example (3.4.4): Let G = symm(E) be the topological symmetric group. It acts on the compact

cubeK = 2F . The natural mapf, : R(G) — Exp K?in an embedding.

Example (3.4.5): Let Gbe the unitary groupU(H) , of a Hilbert spaceH , equipped with the strong
operator topology (this is the topology of point wise convergence inherited from the product H*
). Let K bethe unitball of H . Equip K with the weak topology. Then K is compact. The unitary
group G actson K ,andthe map R(G) — Exp K? is an embedding.

The space R(G) has a better description in this case : R(G) can be identified with the unit ball
6 in Banach algebra B(H) of all bounded linear operators on H. The topology on @ is the weak
operator topology: the map A — A/K which assigns to every operator of norm < 1 its restriction
to K is a homeomorphic embedding of 6 into the compact space KX .Thus R(G) has a

natural structure of semi topological semi group.

Example (3.4.6): Let K be a zero-dimensional compact space such that all non-empty clopen
subsets of K are homeomorphic to K . Let G = H(K) , the natural map f; : R(G) —» Exp K?
is an embedding. Moreover, the image of f; , which is the closure of the set of all graphs of self-
homeomorphisms of K , isthe set 6 of all closed relations on K whose domain and range are
equal to K . Thus R(G) can be identified with 6.

This time R(G) is an ordered semi group, but not a semi topological semi group, since the
composition of relations is not a separately continuous operation. As in the pervious example, one
can use the space R(G) to prove that G is minimal. Moreover, every non-constant onto group
homeomorphism f : G — H isanisomorphism of topological groups. To prove this, we proceed
as before extend fto f:G — H and look at the kernel S = F~1(e,) . Zorn’s lemma implies

the existence of maximal idempotent in S(with respect to the inclusion). Symmetric idempotent
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above the unity (= the identity relation = the diagonal of K2 )in @are precisely closed equivalence

relations on K . Since there are no non-trivial choices for S either S = {1} or S=10.

Example (3.4.7): Let G = H,(1)be the group of all orientation-preserving homeomorphisms
of the closed interval I =[0,1]. The map f; : R(G) - Exp I? is a homeomorphic embedding.
Thus R(G) can be identified with the closure of the set of all graphs of strictly increasing
functions h:I — 1 such h(0) =0 and h(1) =1.

This closure consists of all curves € c I? which lead from (0,0) to (1,1) and like graphs of

increasing functions, with the exception thatC may include both horizontal and vertical segments.

There seems to be no natural semi group structure on R(G) . This observation leads to an
important result: The group G has no non-trivial homeomorphisms to compact semi topological

semi groups and has no non-trivial representation by isometries in reflective Banach space.

3.5 WAP compactifications
Definitions (3.5.1): Let S a semi group and a topological space. if the multiplication (x,y) —
xy is separately continuous (this means that the maps x — ax and x — xa are continuous for

every a € §), wesaythat S isasemitopological semi group.

For a topological group G let f: G — W(G) Dbe the universal object in the category of
continuous semi group homeomorphisms of G to compact semi-topological semi groups. In
other words, W (G) is a compact semi topological semi group, and for every continuous
homeomorphism g: G - S to a compact semi topological semi groupsS there exists a unique
homeomorphism h: W(G) — S such that g = hf .

The existence of W (G)follows from twofacts: (1) arbitrary products are defined in the category of
compact semi topological semi groups; (2) the cardinality of a compact space has an upper bound
in terms of its density. The space W (G)can also be defined in terms of weakly almost periodic

functions. Recall the definition of such functions.

Let atopological group G actonaspace X . Denote by C?(X) the Banach space of all bounded

complex valued continuous functions on  Xequipped with the supremum norm. A function f €
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Cb(X) is called weakly almost periodic (w.a.p.for short), if the G-orbit off is weakly

relatively compact in the Banach space C?(X) .

In particular, considering the left and right actions of a group G on it self, we can define left and
right weakly almost periodic functions on G . These two notions are actually equivalent, so we can
simply speak about w.a.p. functions on a group G. The space WAP of all w.a.p. functions
onagroup G isaC*— algebra, and the maximal ideal space of this algebra can be identified
with W (G).Thus the algebra WAP is isomorphic to the algebra C(W (G))of continuous functions
on W(G).We call W(G) the weakly almost periodic w.a.p. compacti-fications of the
topological group G .

Remark (3.5.2): We show a compactification of a topological spaceX, we have a compact

Hausdorff space  Ktogether with a continuous mapj : X - K
with a dense range. We do not require that j be a homeomorphic embedding.

For every reflexive Banach space X , there a compact semi topological semi group 6(X)
associated with X : the semi group of all linear operators A : X — X of norm < 1, equipped with
the weak operator topology. Recall that a Banach space X is reflexive if and only if the unit ball
B in X is weakly compact. If X is reflexive, 6(X) is homeomorphic to a closed sub space of

BB(whereB carries the weak topology, and hence compact) .

It turns out that every compact semi topological semi group embeds into 8(X) for some reflexive
X.

Theorem (3.5.3): Every compact semi-topological semi-group is isomorphic to a closed sub semi

group of , 8(X) for some reflexive Banach space.

The group of invertible elements of 8(X) isthe group Is,, (X)of isometries of X, equipped with

the weak operator topology. This topology actually coincides with the strong operator topology.

Theorem (3.5.4): For every reflexive Banach space, the weak and strong operator topologies on

the group Is(X) agree.
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In particular, the group of invertible elements of 6(X) is a topological group. The natural action
of this group on 8(X)is (jointly) continuous. This can be easily deduced from the fact that the
topological group Isg(X*) = Is,,(X™) are canonically isomorphic. In virtue of Theorem (3.5.3),
similar assertions hold true for every compact semi topological semi group S : the groupG of
invertible elements ofSis atopological group, and the map(x, y) — xy isjoint continuouson G x S

. Thus S is a G-space.

It follows for every topological group G the compact semi topological semi group W (G) is a G-
space , hence there exists a G-map S(G) —» W(G) extending the canonical map G — W(G)In
terms of function algebras, this means that every w.a.p. functionon G is right uniformly
continuous , since the algebra WAP is invariant under the inversion on G, w.a.p.

functions are also left uniformly continuous and hence Roelcke uniformly continuous .

It follows that there is a natural map R(G) » W(G) . If G = U(H) is the unitary group of a
Hilbert space H,then R(G) = 6(H) is a compact semi topological semigroup,and therefore
the canonical map R(G) » W(G) is a homeomorphism, thus W(G) = 8(H) .The canonical

mapS(G) - W(G) isahomeomorphism if and only if G is precompact.

In virtue of Theorem (3.5.3) and a (3.5.4), the following two properties are equivalent for every

topological group G :

1. The canonical map G - W(G) is injective.

2. There exists a faithful representation of G by isometries of reflexive Banach space.

Similarly, the canonical map G — W(G) is homeomorphic embedding if and only if G is

isomorphic to a topological sub group of Is(X) for some reflexive Banach space.

Theorem (3.5.5): Let G = H,(I) be the group of all orientation preserving homeomorphisms of

I = [0,1]. Then W(G) is a singleton. Equivalently, every w.a.p. functionon G is constant.
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3.6 The groupIs(U)

Definition (3.6.1): The group’s of Urysohn universal metric space U .

A metric space M is w-homogeneous if every isometry between two finite subsets of M extends
to an isometry of Minto itself. A metric space M is finitely injective f it has the following property:
If K a finite metric space and L < K , then every isometric embedding K — M . The Urysohn
universal space U is the unique complete separable metric space with the following properties: (1)
U contains an isometric copy of any separable metric space; (2) U is w-homogenous.
Equivalently, U is the unique finitely-injective complete separable metric space. The uniqueness
of U is easy: Given two separable finitely injective spaces U, and U, , one can use the “back and
forth” or “shuttle” method to construct an isometry between countable dense subsets of U; and U,

.If U; and U, are complete, they are isometric themselves.

Let G =1Is(U). The group G is a universal topological group with a countable base; every
topological group H with a countable base is isometric to a subgroup of G . The idea of the
proof is first to embed G into Is(M) for separable metric space M and then to embed M

into U insuch a way that every isometry of M has a natural extension to an isometry of U .

Let (X,d) beametric space. We say that a function f : X - R, isKatetov if: |[f(x) — f(y)| <
dx,y) < f(x)+ f(y) forall x,y € X.A function f is katetov if and only if there exists a
metricspace Y = X U {p} containing X as asubspace suchthat f(x) forevery x € X isequal
to the distance between x and p . Let E(X) be the set of all Katetov functionson X , equipped
with the sub-metric. If Y is a non-empty subset of X and f € E(Y), define g = Ky (f) € E(X)
by
g(x) = inf{d(x,y) + f(y):y € Y}

forevery x € X . Itiseasy to check that g is indeed a Katetov function on X and that g extends
f. The map K,:E(Y) - E(X) is an isometric embedding. Let X* = U{K,(E(Y):Y c
X,Y ) is finite and non — empty} c E(X).

For every x € X let h, € E(X) be the function on X defined by h,(y) = d(x,y). Note that

hy = K;1(0) and hence h, € X*. Themap x — h, isan isometric embedding of X intoX™

Thus we can identify X with a subspace of X* . If K is a finite metric space, L C
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K and |K/L| = 1,thenevery isometric embedding of L into X can be extended to an isometric

embedding of L into X*.

Every isometry of X has a canonical extension to isometry of X* , and we get an embedding of
topological group Is(X) — Is(X™) . (Note that the natural homeomorphism Is(X) — Is(E (X))
in general need not be continuous). Iterating the construction of X* , we get an increasing
sequence of metric spaces X € X* < X** - ... . Let Y be the union of this sequence, and let Y be
the completion of Y . We have a sequence of embedding of topological group
Is(X) » Is(X*) > E(X™) » E(Y) » E(Y)

The space Y is finitely-injective. Y the completion of a finitely-injective. Assume that X is
separable, then Y is separable, and Y isacomplete separable finitely-injective metric space. Thus

Yis isometricto U, and hence Is(X) is isomorphic to to a topological subgroup of Is(U).

Every topological group G with a countable base is isomorphic to subgroup of Is(X) for some
separable Banach space X : There is a countable subsetA € R U C?(G) which generates the
topology of G , and we can take for X the closed G-invarient linear subspace of R U C?(G)
generated by A . We just saw that Is(X) isomorphic to a subgroup of Is(U) . Thus, we have
proved:

Theorem (3.6.2): Every topological group with a countable base is isomorphic to a topological

subgroup of the group/s(U) .

Note that the group Is(U) is Polish (= separable completely metrizable). Another example of a
universal Polish group is the groupH (G) of all homeomorphisms of the Hilbert cube. To prove that
every topological groupG with a countable base is isomorphic to a subgroup of H(Q), it suffices
to observe that:

1. G isisomorphic to a subgroup of H(K) for some metrizable compact space K.

2. if K is compact and P(K) is the compact space of all probability measures on K, there is a
natural embedding of topological groups H(K) — H(P(K));

3. If Kis an infinite separable metrizable compact space, then P(K) is homeomorphic to the
Hilbert cube. The groups Is(U)and H(Q) are not isomorphic and the group H(Q) is not

extremely amenable, since the natural of H(Q) on Q has no fixed point.
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The group Is(U) is not Roelcke-precompact, to see that, fix a € U and consider the function
g — d(a,g(a)) from Is(U) to R, where d is the metric on U. This function LAR uniformly
continuous and unbounded, hence the Roelcke uniformityLAR is not precompact. We slightly

modify the space U , in order to obtain a Roelcke —precompact group of isometries.

Let U,be the “Urysohn universal metric space in the of spaces of diameter < 1" . This space is
characterized by the following properties:U; is a complete separable w —homogenous metric
space of diameter< 1is isometric to a sub-space ofU; . Let G = Is(U,) . Thisisa universal Polish
group. This group is Roelcke precompact. Let us describe the Roelcke compactifications R(G)
of G.

Consider the compact space K c Y1 of all non-expanding functions f:U; — I = [0,1] . Then K
is a G —space, so there is a natural map from R(G) to the set ExpK? of all closed relations onK

. It turns out this map is homeomorphic embedding.

There is a more geometric description of R(G); it is the space of all metric spaces M of diameter
1, which are covered by two isometric copies of U, . More precisely, consider all triples S =
(M, i,j), where M is a metric spaces M of diameter 1, i: U; - M and j : U; — M are isometric
embeddings, and M = i(U,) U j(U;). Every such triples gives rise to the function P, : U; x U; =
I defined by P;(x,y = d(i(x),j(y)) where d is the metric on M. The set 6 of all functions P, that

arise in this way, is a compact subspace of 1Y+* and R(G) can be identified with 6. Elements of G
correspond to triples (M, i,j) such that M = i(U;) = j(U;).

The space R(G) has a natural structure of an ordered semi group. If R(G) is identified with a
subset of ExpK?, then R(G) happens to be closed under composition of relations, whence the
semi group structure, and the order is just the inclusion. If R(G) is identified with 8 , then the order
is again natural, and the semi group operation is defined as follows: If p,q € 8 , the product of p
and g in 6 isthe function r : U;> - I defined by

r(x,y) =inf({p(x,2) + q(z, y)H V{l}, x,y € U;.

There is a one-to one correspondence between idempotents in R(G) and closed subsets of U; .

Theorem (3.6.3): The universal Polish group Is(U) is minimal.
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Thus, every topological group with countable base is isomorphic to a subgroup of a minimal
Roelcke-precompact Polish group. More generally, every topological group is isomorphic to a

subgroup of a minimal group of the same weight.

Every topological group G is isomorphic to a subgroup of Is(X), whereX is a complete w-
homogenous metric space of diameter 1, which is injective with respect to finite metric spaces of
diameter 1, and for every such X the group Is(U) is Roelcke-precompact and minimal. The
uniqueness of X s lost in the one separable case, and it is not known whether there exists a

universal topological group of a given uncountable weight.

4 Conclusion

We saw that the topological groups divide to many parts, like abelian and non-abelian topological
groups and topological transformation groups, and plays a very important part in pure mathematics.
There are many parts of topological groups’ compactifications, and they may be useful for studying

the group G itself.
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Abstract

The present paper is aimed to assess the drinking water quality at source (ground water wells) and
the point of use (Taps) at Al-Azhari city. The physicochemical and biological analysis of drinking
water was carried out and results were compared with permissible limits established by the World
Health Organization (WHO) and the Sudanese Standards and Metrology Organization (SSMO).
The parameters subjected to the study were pH, TDS, EC, hardness, alkalinity, chloride, Mg, Ca,
K, Na as well as bacteriological analysis. All the physicochemical parameters of drinking water
samples collected from Al-azhari city are within permissible limit set by WHO and SSTO. Tap6
recorded relatively higher conductivity value (1040 uS/cm). The pH of the water ranged from 6.6
to 8.3 and TDS varied between 145.6 to 728 mg/l, EC varied between 224 and 1040 pS/cm,
hardness varied between 84 and 262 mg/l, alkalinity varied between 20 to 576.2 mg/l, chloride
varied between 9 and 99.93 mg/l. The heavy metals concentrations were 0.004 to 45.67, 18.4 to
68.93, 0.1 to 12.81, and 1.1 to 190 mg/l for Mg, Ca, K and Na respectively. The microbiological
analysis had shown that all household waters except Tap2 were contaminated with E-coli. The
absence of E. coli in wells 4, 5 and 6 and its presence in Taps4, 5 and 6 concluded that water in its
way to households carry pollution through water distribution system.

Keywords: drinking water, water quality, standards, bacteriological and physiochemical
parameters, Alazhari city.
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Introduction

Water is the single most important substance known in the world it is elixir of life without its life
is not possible, it represents a fundamental requirement for all life activities, it is essential to man,
animals and plants.That water intended for human consumption must be free from chemical
substances and micro-organisms in amounts which would provide a hazard to health is universally
accepted (Eshraga, 2005). Water quality is the physical, chemical, and biological characteristics of
water in association to the set of standards. These parameters directly related to the safety of the
drinking water to human use.

One of the major types of monitoring is a research monitoring, which may be defined as:
Measurements specifically related to research investigations (McNelis, 1973, and FAO, 1979).
McNelis (1973) reported that monitoring is a necessary element of water quality considerations
providing quantitative and qualitative data on existing circumstances and trends. As a result, water
resources management (WRM) has been undergoing a change worldwide, moving from a mainly
supply-oriented, engineering-biased approach toward a demand-oriented, multisectoral approach,
often labeled integrated water resources management. (Daniel P. Loucks, 2016). The main
objective of this study is to assess the physicochemical and the microbiological characteristics of
drinking water at source and point of use from selected points of Alazhari city and to compare the
results obtained with the WHO and SSMO standards.

Study Area

Alazhari city is located at the southern part of greater Khartoum city, Khartoum city the capital of
Sudan is located in the central part of the country the state lies between longitudes 31.5 to 34 °E
and latitudes 15 to 16 °N. Khartoum state is surrounded by river Nile State in the north-east, in the
north-west by the Northern State, in the east and southeast by the states of Kassala, Qadarif, Gezira
and White Nile State, and in the west by North Kurdufan. The weather is rainy in the fall, and cold
and dry in the winter. Average rainfall reaches 100-200 mm in the north-eastern areas and 200—
300 mm in the north-western areas. The temperature in summer ranges from 25 to 40 °C from April
to June, and from 20 to 35 °C in the months of July to October. In winter, the temperature declines
gradually from 25 to 15 °C between March and November. Wells under investigation were drilled

in Al-azhari and Al-salma suburban communities (Figure 1).
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Figurel: Location of the sampling stations of the wells
Methodology

Samples were collected from 12 locations; 6 from the source (groundwater wells) and other 6 from
point of use (Taps). All samples were analyzed for 10 parameters, namely pH, electrical
conductivity, TDS, total hardness, total alkalinity, chloride, calcium, magnesium, potassium and
sodium. For the determination of coliform bacteria in water samples, the multiple tube technique
or Most Probable Number (MPN) technique was carried out. In this study, all laboratory tests were
carried out in accordance with Standard Methods!. Analysis of samples has been done at
laboratories of the department of water and environmental engineering, Sudan University of
science and technology, and UNESCO chair, Omdurman Islamic University.

Results and Discussion

The detailed respective analysis of physiochemical and biological quality parameters to ground

water samples and the point of use are discussed as following:

pH

The pH value of water is a measure of acidity or alkalinity. The range goes from 0-14, with pH is
7 being the solution is neutral. When the concentration of hydrogen ions exceeds that of hydroxide
ions, a pH value is less than 7 and hence water is acidic. Conversely, when the concentration of
hydroxide ions exceeds that of hydrogen ions, the water is alkaline and has a pH value greater than
7. In this study, the results of the pH analysis of groundwater and tap samples are presented in
Table 1. From the Table 1 the data showed that the pH of the water ranged from 6.6 at GW5 to 7.6
at GW4 and GW6 while levels recorded in tap waters ranged from 7.1 at Tapl and Tap5 to 8.3 at
Tap6.
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Tablel: pH at different sampling wells and taps:

Parameter | GW1 GW2 GW3 Gw4 GW5 GW6 WHO SSMO
1.4 7.3 1.4 7.6 6.6 7.6

pH Tapl |Tap2 |Tap3 |Tap4 |Tap5 |Tap6 |6-585 |6.5-85
71 7.2 7.6 7.4 71 8.3

All pH values are within the WHO and SSMO acceptable limit. The acceptable range of pH for
drinking water quality is 6.5 to 8.5. The pH of drinking water has no immediate direct effects on
human health but has some indirect health effects by bringing changes in other water quality

parameters such as solubility of metals and survival of pathogen (Zabed et al., 2014).
Total Dissolved Solids(TDS)

Total Dissolved Solids (TDS) are inorganic compounds and small amounts of organic compounds
that are dissolved in water. These solids include minerals like calcium, magnesium, sodium, salts
and some traces of organic compounds such as decaying plant and animal matter. Particle is
considered dissolved if it can pass through a filter of 2.0 micron size (1 micron = 1/1000 of a

millimeter). Particles that are larger than 2 microns are called a suspended solid.

Table 2: TDS at different sampling wells and taps

Parameter | GW1 GW?2 GW3 Gw4 GWS5 GW6 WHO | SSMO

DS 377 306.8 275.6 345 275.6 291

(ma/l) Tapl Tap?2 Tap3 Tap4 Tap5 Tap6 1000 1000
386 276.3 145.6 275.6 221.6 728

From the Table 2 the TDS values were found to be varied from 275.6 at GW3 and GWS5 and 377
mg/l at GW1. Regarding tap water, the obtained results varied between 145.6 to 728 mg/l at Tap3
and Tap6 respectively. All water samples drawn from wells and taps were found within safe limits
of WHO and SSMO guidelines. According to World Health Organization, TDS concentration of
1000 mg/litre is considered acceptable for water consumers; high concentration of TDS often has
a bad taste and high-water hardness. A very low concentration of TDS may also be unacceptable
because of its flat, insipid taste of water, the United States guidelines for TDS is 500 ppm (mg/l).
EPA in USA includes TDS as secondary standards (SMCL) (Secondary Maximum Contaminant

Levels).

Electrical conductivity EC
Conductivity is a measure of the ability of water to conduct electrical current; it is directly related

to the total dissolved salt content of water. In this study EC ranged between 424 to 628 uS/cm at
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GWS5 and GW4 respectively for samples collected from wells, and ranged from 224 to 1040 puS/cm
at Tap3 and Tap6 respectively for samples collected from tap water (Table 3). All water samples
were found within the safe limits of SSMO guidelines (1000uS/cm) but samples collected from
GW4, Tapl and Tap6 were exceed the limit of WHO guidelines (500 pS/cm).Tap6 recorded
relatively higher conductivity value (1040uS/cm), this value is greater than the WHO and SSMO
guidelines (500 and1000uS/cm respectively), this might be due to the high level of soluble salts
such as carbonates, chlorides, sulphates and nitrates and cations such as potassium, magnesium,
calcium and sodium. It is well known that the conductance of water increases with salts and total
dissolved solids (Meybeck, 1997)

Table 3: Electrical conductivity at different sampling wells and taps

Parameter | GW1 | GW2 GW3 |GW4 |GW5 |GW6 | WHO | SSMO
EC 460 472 424 628 424 451
(uS/cm) Tapl | Tap2 Tap3 Tap4 Tap5 Tap6 | 500 1000
" 776 425 224 424 341 1040

Hardness

Hardness is defined as the total concentration of calcium and magnesium cations contained in
water. The hardness of water is mainly due to the presence of inorganic compounds such as
carbonates, bi-carbonates, chlorides and sulphates of calcium and/or magnesium in dissolved form
picked up from rocks and soils. In this study the hardness values of the source ranged between 84
to 262 at GW3 and GW6 respectively (Table 4). Regarding samples collected from taps the harness
concentration varied between 135 to 220 mg/l at Tap4 and Tapl respectively (Table 4). Several
epidemiological investigations over the last 50 years have demonstrated a relation between risk for
cardiovascular diseases and drinking water hardness or its content of magnesium and calcium
(WHO, 1984). The total hardness level is not supposed to exceed 500 mg/l according to WHO and
SSMO standards, hence all water samples drawn from source and taps meet WHO and SSMO
maximum allowable levels. Based on Thomas classification (1953), it can be said that, all samples
may be classified as hard water (180 mg/l and above), except GW2, GW3, Tap2, Tap4 and Tap6
may be classified as medium hard (60 to 179 mg/l).
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Table 4: hardness at different sampling wells and taps

Parameter | GW1 | GW2 |GW3 |GW4 |GW5 |GW6 |WHO |SSMO
Hardness |28 172 84 216 236 262

(mg/l) Tapl |Tap2 |Tap3 |Tap4 |Tap5 |Tap6 |500 500
g 220 164 188 135 184 136

Alkalinity

Alkalinity is defined as the capacity of water to neutralize acid. Alkalinity of water is mainly caused
by the presence of hydroxide ions (OH"), bicarbonate ions (HCO*"), and carbonate ions (COs%),
or a mixture of these ions in water. Bicarbonates represent the major form of alkalinity.In higher
alkalinity water, more acid can be added without considerable change in the pH and water of low

alkalinity needs less acid to change pH.

Table 5: Alkalinity at different sampling wells and taps

Parameter | GW1 GW?2 GW3 Gw4 GW5 GW6 WHO | SSMO

Alkalinity 190 358.87 | 336.1 196 576.2 176

(ma/l) Tapl Tap? Tap3 Tap4 Tap5 Tap6 1000 1000
185 54 278.9 20 164.9 439.2

The EPA Secondary Drinking Water Regulations (called a secondary maximum contaminant level
or SMCL) limit alkalinity only in terms of total dissolved solids. In this study the alkalinity values
varied between 176 and 576.2 mg/l in wells GW6 and GW5 respectively and varied between 20
and 439.2 mg/l (Table 5), these findings were within the range suggested by WHO and SSMO
standards. Strong alkaline water has an objectionable "soda" taste. The high levels of either acidity

or alkalinity in water may be an indication of industrial or chemical pollution.

Chloride
Table 6: Chloride at different sampling wells and taps:
Parameter |GW1 | GW2 |GW3 | GW4 |GW5 |GW6 | WHO | SSMO
Chloride 85.97 19993 /3998 |36 6998 |9
(mg/l) Tapl Tap2 Tap3 Tap4 Tap5 Tap6 | 250 250
g 97.9 63.98 [29.99 |819 5598 |63

Chloride occurs naturally in groundwater, streams due to rock containing chloride, other sources
might be agricultural runoff, domestic and industrial wastewater. Chloride ions CI™ in drinking
water do not cause any harmful effects on public health. Small amounts of chlorides are essential
for ordinary cell functions in animal and plant life but high concentrations may indicate

contamination by sewage or animal waste, high chloride concentration in freshwater (more than
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250 mg/L) can also cause an unpleasant salty taste for most people. WHO and SSMO standards
for public drinking water require chloride levels that do not exceed 250 mg/L. In this study, the
levels of chloride for the wells varied from 9 to 99.9 mg/l at GW6 and GW?2, respectively. The
levels for tap water varied from 29.99 to 97.9 mg/l at Tap3 and Tapl respectively as shown in
Table 6. Therefore, all wells and tap water samples were observed to meet WHO and SSMO

acceptable levels.
Heavy metals

Table 7: Heavy metals at different sampling wells and taps:

Parameter | GW1 |GW2 |GW3 |GW4 |GW5 |GW6 | WHO | SSMO

Mg 3.42 28.25 |14.18 | 28.8 45.67 |16.32

(mg/l) Tapl |Tap2 |Tap3 |Tapd |Tap5 | Tap6 | 150 150
0.004 |28.17 |25.65 |25.12 |34.94 |9.72

Ca 60.92 |41.62 |26.65 | 384 48.1 18.4

(ma/l) Tapl |Tap2 |Tap3 |Tapd4d |Tap5 |Tap6 | 200 200
68.93 |48.1 25.65 |32.06 |40.24 |384

K 7 2.05 1281 |41 0.25 3

(mg/l) Tapl |Tap2 |Tap3 |Tap4d | Tap5 | Tapb6 | NS* 12
7 0.28 10.67 | 0.32 0.1 9.728

Na 7545 | 2.84 2.7 38 3.27 41.5

(ma/l) Tapl |Tap2 |Tap3 |Tapd |Tap5 | Tap6 | 200 200
75.45 |1.98 3.24 1.1 63.17 | 190

* No Standard

The term heavy metals refer generally to any metallic chemical element that has a relatively high
density; heavy metals are natural components of the Earth's crust. Heavy metals can enter a water
supply by industrial and domestic waste, or even from acidic rain breaking down soils and releasing
heavy metals into surface water and groundwater. Some heavy metals are essential to human health
if their level remains within the specified range recommended by WHO. They maintain the
metabolism of the human body. However, at higher concentrations they can pose a threat to human
health and poisoning. In this study, four heavy metals, magnesium (Mg), calcium (Ca), potassium
(K), and sodium (Na) were determined by atomic absorption photometers in wells and tap waters
of Al-azhari city and results are shown in Table 7. The data showed that the magnesium
concentration of groundwater ranged from 3.42 to 45.67 mg/l at GW1 and GWS5 respectively and
for tap water the concentration varied from 0.004 to 34.94 mg/l at Tapl and Tap5 respectively. The
results indicate the water is free of magnesium pollution according to WHO and SSMO maximum
allowable levels (150 mg/l). Calciumlevels found to be within the safe limits of WHO and SSMO
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standards (200mg/l). It varies between 18.4 and 60.92 mg/L at GW6 and GW1 respectively and for
tap water, the concentration varied from 25.65 to 68.93 mg/L at Tap3 and Taplrespectively.
Potassium concentrations in water samples from wells ranged from 0.25 to 12.81 mg/L at GW5
and GW3, respectively, whilst levels recorded in tap waters ranged from 0.1 to 10.67 mg/L at Tap5
and Tap3 respectively. Concentrations of potassium were found to be within SSMO maximum
allowable levels (12 mg/l) except slight excessive value at GW3 (12.81 mg/l). No standard or
guideline has been established by WHO for potassium parameter. The sodium concentrations
recorded in samples from wells ranged from 2.7 to 75.45 mg/L at GW3 and GW1 respectively.
Samples from point of use recorded sodium values that ranged from 1.1 to 190 mg/L at Tap4 and
Tap6, respectively. All sodium ion concentration had levels within the acceptable WHO guidelines
value of 200 mg/I.

Microbiological quality

Microbiological characteristics are used to describe pathogenic microorganism such as bacteria,
protozoa and viruses. Pathogen is any living organism that causes disease. Bacterial examination
of water is very important, since it indicates the degree of pollution. Microbiological analysis of
the water samples was performed by determination of most probable number technique of coliform
bacteria in 100 ml of water sample. Because animals can transmit pathogens that are infective to
human, the presence of E. coli must not be ignored (WHO, 1993). E. coli shouldn't be detected
according to the WHO and SSMO standards. The results of the microbiological analysis of
groundwater and tap samples are presented in Table 8. In this study, no coliform was detected from
samples collected from well 2, 4, and 6. The study has confirmed the presence of E-coli in welll,
3, and 5. The highest count was found in well 3 (1100/100 ml) showing that the great risk of using
water of this well, it is not suitable for human consumption; action should be taken by authority.
The second highest number of bacteria was found at Tap5 (460/100ml). Although well 1, Tap1,
Tap4, and Tap6 showed a smaller number of bacteria (3-43 /100 ml) but same attention should be
taken to prevent bacteriological pollution. The microbiological examination of water in this study
showed that the water network distribution system is the source of contamination of Tap4, 5 and
6, therefore, detailed studies should be undertaken along the distribution lines starting from their
source to the households to find out the actual points of contamination and their sources in

distribution system.
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Parameter | GW1 GW?2 GWs3 GW4 GWS5 GW6 | WHO | SSMO
E coli 3 0 1100 0 0 0
MPN/100 Tapl Tap2 Tap3 Tap4 Tap5 Tap6 |0 0
3 0 1100 4 460 43
Conclusion

All the physicochemical parameters of drinking water samples collected from Al-azhari city are
within permissible limit set by WHO and SSTO, slight excess of EC recorded at Tap6. Regarding
the biological parameters, a high microbial indicator count was detected in the water source well
3, water from this well is not suitable for human consumption. All household water samples except
Tap2 were found to be unsatisfactory as they contained coliforms. The absence of E. coli in wells
4,5 and 6 and its presence in Taps 4, 5 and 6 concluded that water in its way to households carry

pollution through pipes and other distribution installations.

Recommendations

1. Water from the source GW3 is highly contaminated with E. Coli, this well is not suitable
for human consumption, an urgent action should be taken by authority for proper drinking
water treatment.

2. Detailed studies should be undertaken along the distribution lines starting from the source
to the households to find out the actual points of contamination and their sources in the
distribution networks and more study of parameters that have an effect in water quality.

3. Before a new source of drinking water supply is selected, it is important to ensure that the
quality of the water satisfactory for drinking.

4. The old pipelines of the network must be replaced by a new one and distribution system
must be periodically treated by chloride to prevent contamination by microorganisms.

5. Sources of ground water wells should be sited a constructed so as to be protected and to
prevent public access and animals.

6. The statistical tools developed, for further studies required to be extended to larger areas

covering several water resources and proposing water quality models. In addition to
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Abstract

Monthly collection of fecal samples was made from 682 healthy goats in EdDamer Locality, River
Nile State, over twelve months period. The species of Eimeria involved in subclinical cases were
identified. 82% out of examined goats were found to be positive to Eimeria species and seven
Eimeria species were recorded, these were, E. arloingi (96.24%), E. alijevi (64.79%), E.
christenseni (54.46%), E. hirci (27.2%) E. ninakohlyakimove (24.88%), E. jolchijevi (16.43%),
and E. apsheronae (14.84%). The prevalence of Eimeria species differed significantly (P<0.05).
The prevalence of all identified species was higher in young age groups, but no significant
difference was observed (p>0.05), between the three examined age groups. The prevalence of
species during different seasons did not also seem to vary significantly (P>0.05), but the prevalence
of all identified species was higher during Summer.

Keywords: Goats, Coccidia, Eimeria, EdDamer Locality.
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Introduction

Coccidia belonging to the genus Eimeria show a wide distribution and occur in all kinds of
environment, causes a disease called coccidiosis (Levine and Iven, 1986). Several species of
Eimeria occur commonly in livestock worldwide, and fifteenspecies were described earlier in
domestic goats, these were: E. arloingi, E alijevi, E. Christenseni, E. apsheronae, E. caprina, E.
caprovina, E. hirci, E. jolchijevi, E. kochari, E. ninakohlyakimovae, E. pallid, E. punctata, E.
skerjabini, E. minasensis and E. africiensis (Levine and Iven, 1986). Moreover, More et al., (2015)
described recently three new species in goats in India, these were: E. straightaatus, E susheelensis
and E leafii. Many surveys and studies on Eimeria species of goats in the Sudan were conducted
(Osman, 1988; Elrabie and ElHussein, 2000; Fayza et al., 2004; Yousif, 2010). Earlier,
experimental infection of Sudanese goats with either E. arloingi alone (El Gazuli et al., 1979) or a
mixture of E. arloingi and E. parva (Shommein and Osman, 1980) showed the ability of these
species of Eimeria to infect indigenous goats and cause clinical coccidiois disease in Sudan.
Halima, (1988) found Eimeria oocyst in 81% of fecal samples obtained from apparently healthy
goats in Khartoum State, Sudan and two species viz E. arloingi (73%) and E. parva (27%) were
identified in these animals. Fayza et al. (2004) stated that an acute coccidiosis was reported in three
to six months old male kids in Khartoum State, all were naturally infected with five Eimeria species
which were identified as E. christenseni (50%) E. arloingi (32%) E. hirci (8%), E.
ninakohlyakimovae (6%), and E. alijevi (4 %). In EdDamer Locality, Northern Sudan, coccidiosis
ranked highest among diseases that affect goats (El Ghali and EIl Hussein, 1995) and five species
of Eimeria viz, E. arloingi (90%), E. alijevi (49%), E. hirci (33%), E. christenseni (24%), and E.
ninakohlyakimovae (10%), were described in 21 goats with clinical coccidiosis (El Rabie and El
Hussein, 2000) in that area. However, no study was made regarding Eimeria infections in
apparently healthy goats. The River Nile State lies in the northern part of the Sudan between
longitude 32 C°-35 C° east and latitude 16 C°-22 C° north. It is characterized by its desert or almost
semi—desert climate. In this state the weather is cold in winter and hot or very hot in summer. This
state enjoys a considerable area for agriculture and natural pasture which is almost confined to the
banks of the River Nile and Atbara River. The state was divided into seven Localities. EdDamer
Locality represents the capital of the state (Anon, 1996). The present study was aimed to determine
the species of Eimeria involved in subclinical cases (apparently healthy goats), and to study the
effect of some factors (age, seasons) on the prevalence and intensity of these species in EdDamer
Locality, River Nile State, northern Sudan.

Material and Methods

Collection of samples

A total of 682 fecal samples were collected monthly from various age groups of apparently healthy
goats during twelve months (one year) in EdDamer Locality. The fecal samples were directly
collected from animal’s recta (5-10 grams from each animal) in small plastic bags and kept in
refrigerator at 4 C° at Atbara Regional Veterinary Research Laboratory until tested.

Parasitological examination

The presence of Eimeria oocysts in fecal samples was examined by the cover—slip flotation method
using saturated NaCl solution as the flotation medium (Anon, 1986). Briefly 3 grams of each fecal
sample were weighted out using a sensitive balance and put in a 50 ml beaker. 42 ml of water was
then added, mixed thoroughly and poured into a 100ml glass beaker through a strainer. The 50ml
glass beaker was rinsed with 8 ml of water and the total fluid poured into four 15ml conical tip
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centrifuge tubes. After centrifugation at 1500 rpm for 5 minutes the supernatant was decanted and
a saturated NaCl solution added to the sediment, until the tube was about half full. The content of
each test tube was thoroughly mixed with a wooden applicator stick, and more NaCl solution was
added until a convex level was formed at top of the tube. A glass coverslip was placed on top of
each tube and left for 30 minutes. Then each glass cover slip was briskly lifted up and placed on a
clean glass slide, the entire area under each coverslip was examined under a binocular microscope
at x10, andx40.

Sporulation of Eimeria oocysts

About 2 grams of the positive samples with Eimeria were mixed in tap water and filtered through
300 pm mesh screen. The filtrate was transferred into a cylinder and allowed to stand overnight.
The supernatant was discarded and the sediment was centrifuged at 1500 r.p.m for 5 minutes and
finally the sediment was suspended in a shallow layer of 2.5 % (w/v) potassium dichromate solution
(K2Cr207) in Petri dishes and was left to sporulate a laboratory temperature (25-27C°) under
aeration until sporulation was completed (Osman et al.,1990; El Rabie and EI Hussein, 2000).

Identification of Eimeria species

Identification of the sporulated oocysts was made to determine Eimeria species. The species were
identified based on the morphological characteristics of their oocysts and sporocysts (size, shape,
colour, presence or absence of micropyle and its cap, presence or absence of residual body, polar
granules and stieda bodies), (Levine and Iven, 1986; Heidari et al., 2014). Also, the measurement
of oocysts and sporocysts was done, for 20 - 50 sporulated oocysts which were randomly selected
from each samples using an eyepiece micrometer and compound binocular microscope (Olympus,
Japan), and identified to determine the percentages of each Eimeria species (Wang et al., 2010).
480000cysts of Eimeria of goats (from 212goats) were described and identified to determine the
prevalence of Eimeria species.

Statistical analysis

Statistical analysis was performed using the SPSS software package for social sciences version
16.0 for windows. The differences between the prevalence of speciesaccording to various factors
were evaluated using chi-squire, t testand analysis of variance (ANOVA). Values of P<0.05,
P<0.01 and P<0.001 were respectively considered as significant, moderately significant and highly
significant.

Results

Seven Eimeria species were identified in fecal samples of goats and a significant difference
(P<0.01) was observed between the prevalence rates of these species (mean 47.33% + 3.04%).
Their prevalence rates were as follows: E. arloingi (96.2%), E. alijevi (64.79%), E. christenseni
(54.46%), E. hirci (27.2%), E. ninakohlyakimovae (24.88%), E. jolchijevi (16.43%) and E.
apsheronae (14.84%), (Tablel). The measurement of oocysts and sporocysts of isolated Eimeria
species was varied from species to another (Table2).
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Table 1: Prevalence of Eimeria species in goats in EdDamer Locality:

Species Infected samples | % P value
E. arloingi 538 96.20%

E. alijevi 362 64.79%

E. christenseni 304 54.46%

E. hirci 152 27.20% | 0.01
E.ninakohlyakimovae | 139 24.88%

E. jolchijevi 092 16.43%

E. apsherona 083 14.84%

Table 2: Measurements of Eimeria species recovered from goats in EdDamer Locality

Size of oocysts in microns Size of sporocysts in microns

Length Width Length Width

Mean =S | Range | Mean £SD | Range | Mean S | Range Mean £SD | Range
E. arloingi 29.7+1.7 | 22-37 | 20.2 £14 |175-25 | 144+13 | 125-175 | 6.71.2 5.7-7
E christenseni 37417 | 27-45 | 255+2.8 20-30 13.7+1.4 | 10-17.5 9.0+1.2 7-10.2
E. alijevi 23.7+£1.7 | 15-25 | 152 £2.8 | 15-20 10.9+1.2 | 7.5-125 8.5+1.2 5.-10
E. hirci 23.7429 | 8-27 |182 +16 | 15-22 9.1+1.38 75-125 |6.21.2 5.1-7
E.ninakohlyak. | 27.1+2.3 | 22-30 | 209+16 | 17-22 12.9+1.9 | 10-15 6.4+1.4 5-10
E. jolchijevi 27.1+23 [ 24-36 | 20.9+09 |10-15 121417 | 11.2-15.6 | 6 0.7 5-9
E. apsheronae | 28.8+2.8 | 25-32 | 20.5+2.1 | 13-15 143413 | 10-156 |89+1.2 7-10

Identification of a total of 4800 oocysts from 212 goats showed that the oocysts of E arloingi,
represented the highest percentage encountered being 57%, while E.hirci, E. ninakohlyakimovae,
E. jolchijevi and E. apsheronae were much less abundant (6%,3%, 2%, and 1% respectively), the
percentage of oocysts of E. alijavi, E. christenceni, were 17%, 14%, respectively.

The present investigation also revealed that 5% of infected goats were infected with one Eimeria
species (pure infection). These involved E. arloingi (3%), E. alijave (1.5%), andE. chrisrenseni
(0.5%). The rest of the cases (95%) were infected with more than one Eimeria species, (multiple
Eimeria species infection). Mixed infection by three Eimeria species being the most
(40.85%)prevalent. Concurrent infection with E. arloingi, E. alijavi and, E. chrisrenseni (16%) and
concurrent infection with E. arloingi, and E. alijavi (15%) represented the most prevalent types of
multiple infections encountered in the tested animals. No multiple infection with all seven species
of Eimeria were observed (Figurel). Table 3 shows the number of species in individual fecal
specimen.
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Figure 1: Multiple Eimeria species infection in goats in EdDamer Locality
Table 3: The percentage occurrence of goats Eimeria species and their number in individual
fecal specimens

Eimeria species | Occurrence Number of Eimeria species in individual
1 2 g 4 5 6 7
E. arloingi 96.24% 3.29% |27.33% | 38.97% | 19.25% |5.63% |1.88% |0
E. alijevi 64.79% 141% |152% |305% |12.21% |4.23% |[1.88% |0
E.christense | 54.46% 0.47% | 8.9% 25.35% | 14.8% |3.76% |1.88% |0
E. hirci 27.2% - 2.35% [ 11.07% |4.45% |3.29% |1.88% |0
E. ninakohly 24.88% - - 7.04% |10.8% |5.16% |1.88% |0
E. jolchijevj 16.43% - - 5.16% |6.1% 3.76% [141% |0
E.apsherona 14.84% - 094% |469% |6.1% 2.35% [ 0.76% |0
Total 5.16% | 27.23% | 40.85% | 19.25% | 5.63% | 1.88% | O

Infections with E. arloingi, E. alijavi, and E. chrestenseni were high in all seasons, the infection
rate ranged between 44% and 99%, while infections with E apsheronae and E. jolchijavi were
lower, with infection rates ranging between 13% and 30%. High infection rates of all species were
found during summer season (Figure 2), but no significant effect for seasons on the prevalence of
Eimeria species was detected (P>0.05).
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Figure2: Effect of seasons on the prevalence of Eimeria species in goats in EdDamer
Locality

The infection with each Eimeria species differed according to the age of animal, but no significant
effect was detected between the examined age groups (P>0.05). The infection with E. arloingi, and
E. alijevi were high in all groups, the infection rate ranged between 59.1% and 99.4%, while the
infection with E. apsheronae and E. jolchijave were low in all age groups, and ranged between 11
% and 27.5 %. The infection rates with E. chrestenseni, E.hirci and E. ninakohlyakimovae ranged
between 19.5 % and 51% (Figure3).
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Figure 3: Prevalence of Eimeria species of goats in EdDamer Locality according to age
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Discussion

In this investigation the Eimeria species infecting goats in EdDamer Locality were identified and
effect of age and season on the prevalence of these species was studied. The overall infection rate
with Eimeria was high (82%) in this province. Several works have been made to identify Eimeria
species by several researchers worldwide (Kareem, 2015; More et al., 2015; EIShahawy, 2016;
Mohamaden et al., 2018). Also, many studies were made in many states of Sudan and various
Eimeria species were recorded (Abakar, 1996; Shmaon, 2005; Abdel Wahab et al., 2008). Previous
investigations in the world showed that one or more species of Eimeria are usually involved in
infection of goats and sheep (Kareem, 2015; More et al., 2015). The present study revealed that
seven Eimeria species are commonly found in fecal samples of goats (tablel), this finding was
similar to Mohamaden et al. (2018). However, EIRabie, and EIHussein (2000) identified five
Eimeriaspecies in clinically affected goats in EdDamer Locality and similarly Fayza et al. (2004)
also identified five Eimeria species in diseased goats in Khartoum State. However, an earlier study
by Halima, (1988) recorded only two species (E. arloingi and E. parva) of Eimeria in
sampleswhich were obtained from 2000 goats in Soba area (Khartoum State). It should be noted,
that while in the latter study fecal samples were obtained from goats confined to a limited area
(Soba) our study covered a wider geographical area with varied ecological niches. Similar to our
results EIShahawy, (2016) found seven species of Eimeria in goats in Upper Egypt, six of these
species were identified in EdDamer Province, but E. christenseni was absent according to his study
and E. caprovina was found instead of the former one. Moreover, similar findings were recorded
in other hosts and more than two species were usually identified. Bakunzi et al. (2010) found seven
species in South Africa in sheep. Mammadov (2014) found eight species in cattle, seven species in
buffalo, and five species in chickens in Azerbigan, while, Yakhchali and Athari (2010) found that
camels were infected with four Eimeria species in Tabriz region in Iran. These differences in
prevalence of Eimeria species may be due to various sanitation efforts in the management programs
by producers to control coccidiosis or due to differences in ecological and environmental
conditions. In the current study E arloingi, and E. alijavi were the predominant species in goats
(57% and 17%, respectively). while E. ninakohlyakimove, E. jolchijavae and E. apsheronae were
much less abundant (3%, 2, and 1%, respectively) (fig 1). Common findings obtained from many
investigations indicated that the percentages of oocysts of E. arloingi, E. hirci, E. alijavi, and E.
christenseni, were high in goats in other parts of the world (More et al., 2015; Kareem, 2015).
Explosive discharges of oocysts might occur giving rise to temporary dominance of some species
over the coccidial population (Kareem, 2015).

Mixed infections in a single host were common findings in the world (More et al., 2015; Kareem,
2015), as noticed most of the infections reported here were of the mixed type and 95% of positive
animals had from two to six Eimeria species in goat. This finding is consistent with the findings of
other researchers in several parts of the world (Wang et al., 2010; Bakunzi et al., 2010; Khan et
al., 2011; Radifar, 2011; More et al., 2011; More et al., 2015; Kareem, 2015), similarly Abakar
(1996) found that most naturally acquired coccidian infections in sheep in Sudan were mixed
infections having between 4-6 species. Furthermore, Vercruysse (1982), stated that mixed
infection in naturally acquired coccidiosis were the rule in 94% of goats examined in Senegal and
involving 3-6 species of Eimeria. The present investigation revealed that 5% of goats were infected
with one Eimeria species (pure infection) (fig 1). The rest of the cases (95%) were infected with
more than one species of Eimeria, (mixed infection), concurrent infection with E. arloingi, E.
alijavi and E. christensni (16%) represented the most prevalent types of multiple infection.
Furthermore, no multiple infection with all seven species of Eimeria were observed. Moreover,
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oocysts of E. arloingi were the dominant (57%) oocysts encountered in all infections. Ayana et al.,
(2009) found that the maximum number of Eimeria species was four species per sample. Bakunzi
et al. (2010) found that up to 5 species were recovered from individual specimens in goats while
up to 4 species were recovered in sheep. Kareem, (2015) stated that 6.5% of infected sheep were
infected with single species and 67.3% were mixed infection and the highest rate of mixed infection
include six Eimeria species. In camels Yakhchali and Athari, (2010) observed that 6.12% of camels
were infected with one Eimeria species.

Yakhchali and Zarei, (2008) reported that the infection rate of Eimeria species decreased due to
the absence of rainfall, high temperature, and low relative humidity. Hence aggregation of animals
of different age groups during cold season was considered as the most important factor that
influence seasonal variation on the percentage of Eimeria species. In our study goats, infections
with E. arloingi, E. alijavi, and E. christenseni, were highest in all seasons, the infection rate ranged
between 44% and 99% while infection with E apsheronae and E. jolchijavi was low, the infection
rate ranged between 13% and 30%. High infection rate was found during the rainy and cold seasons
for the most species. These findings were similar to Yakhchali and Zarie (2008) who stated that
although Eimeria species were presented in sheep through the year their percentage seemed to
increase particularly during the late fall and whole winter.

In our study the percentage of infection with each species differs according to the age of animal
and Eimeria species were more intense in young animals, this is similar to finding of Ibrahim and
Afas (2013) who stated that the prevalence as well as intensity and diversity of Eimeria species
were declined with host age, and Eimeria species were more intense in young animals than adults
because the acquired immunity has been shown to causea decrease in infection of various Eimeria
species with increase of host age.

Conclusion

This study was conducted on Caprine Eimeria species in EdDamer Locality, River Nile State,
Sudan. The study results revealed that seven species were present in goats. Mixed infection with
two species or more was the rule. No significant effect on the prevalence of Eimeria species was
observed due to seasons or age.
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